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Abstract—This paper presents a new approach for distributed
consensus-based estimation with low communication effort in
cooperative networks, where a group of nodes cooperates to
estimate source messages with information exchange achieving
consensus among all nodes. A new distributed estimation algo-
rithm is developed by adopting the novel approach of virtual
clustering, in which the size of exchanged data is reduced during
the distributed processing by the partial transmission after
data clustering. Moreover, the required communication effort
and estimation performance of the algorithm are evaluated for
networks with different topology and varying system parameters.
We show that communication cost is reduced considerably by the
proposed algorithm while keeping the estimation performance.

I. INTRODUCTION

The study of consensus-based estimation has been an active
topic for the applications of monitoring, tracking, and control
in cooperative networks, e.g., wireless sensor networks [1].
As a common scenario, several nodes are distributed over
an area and are connected with inter-node links forming a
certain topology. Those nodes are deployed to detect signals
or quantities from some common sources within the network.
Conventionally, either centralized processing, e.g., in a fusion
center [2], or distributed processing among cooperated nodes
can be applied [3]. Here, we focus on the distributed estima-
tion, where each node performs local processing iteratively
with additional information exchanged between neighboring
nodes. Plenty of work has investigated such distributed esti-
mation with associated algorithms, e.g., the diffusion based
algorithms [4], [5], which achieve a consensus on the average
of observations over the network. However, in our system
the observations are distorted by, e.g., a fading channel, thus
source data cannot be properly recovered by an averaging pro-
cess. To achieve satisfactory estimation performance, primal
and dual decomposition method based algorithms [6], [7], [8],
[9] can be applied, which achieve a consensus of the estimate
on all sources by solving a constrained convex optimization
problem [10].

For the distributed estimation, one critical issue is about
the communication effort required during the distributed pro-
cessing. In order to reduce the overhead over inter-node links,
some algorithms in [11], [12] have been proposed to achieve
efficient transmission where each node exchanges variables of
reduced dimension using sub-graphing and coloring scheme
to specify the transmission. Inspired by those work, we adopt
a new approach termed virtual clustering (VC) to reduce the
dimension of exchanged data during the distributed processing.
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Fig. 1. A sensor network with J nodes receiving and detecting the common
messages from U sources in a cooperative way.

Whereas in contrast to [11], [12] where each node only
recovers the source information within a predefined local
domain, here we aim to achieve a consensus of estimates on all
sources over the whole network. By applying the VC approach
to one fundamental distributed consensus-based estimation
(DiCE) algorithm [7], we achieve a novel VC-DiCE algorithm
correspondingly. The derivation of the proposed algorithm
is detailed in the following sections, and performance of
the algorithm in terms of convergence and communication
overhead is evaluated considering different system parameters.

The remainder of this paper is structured as follows: The
system model is described in Section II. A detailed derivation
and discussion of our novel algorithm are given in Section
IV. In the subsequent Section V, the proposed algorithm
is simulated numerically, and the corresponding results are
evaluated. Finally, the paper is concluded in Section VI.

Notation: Throughout this paper, we use uppercase bold
letters A for matrices, while keep lowercase bold letters a for
vectors and normal letter a for scalars. Vector a,, ,,, denotes a
sub-vector of vector a,,. I is an identity matrix and 0 is a zero
matrix or vector whose entries are all zeros. A diagonal matrix
is represented as diag(-). We denote the transpose operator
with (-)T and Hermitian with (-)H.

II. SYSTEM DESCRIPTION

Fig. 1 depicts the system scenario, where a sensor network
composed of a set of nodes J = {1, ..., J} monitors the data
x, broadcasted from v = 1,..,U source points. Those nodes
are connected through assumedly error-free links resulting in a
set of edges £ between node j and the nodes ¢ in its neighbor-
hood N;. Here, each node and source point is assumed to be
equipped with Ny receive and Ny transmit antennas, respec-
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tively. Thus, a stacked data vector x = [x],..,x};]T € CUNx1

can be modeled as the system input, which is received by each
node j leading to a local observation y; € CNe<1:

yj :Hjx-i—nj, (l)

where the channel matrix H; € CM*UNT js assumed to be
perfectly known at each node, and additive white Gaussian
noise (AWGN) n; € CNe*1 with a variance o2 is considered.
In this network, each node aims to recover the total source
information x. However, it cannot be properly detected only
based on the local information, since an under-determined sys-
tem i.e., U Nt > Ny is assumed here. To reach a consensus of
estimates between nodes, one possible way is joint estimation
in a central node where information from all nodes is collected.
Whereas, in our scenario, no central node is deployed. Thus,
distributed processing among nodes is desired, where each
node performs local processing and shares information with
its neighboring nodes through inter-node links to achieve a
consensus of estimates in an iterative fashion.

III. CONSENSUS-BASED DISTRIBUTED ESTIMATION

For the consensus-based estimation, we adopt, e.g., the
Least-Square (LS) criterion to minimize the sum estimation
errors of all nodes with additional constraints to keep the
consistency on local estimates X; = X;, ¢,7 = 1,..,J over the
whole network. To this end, we obtain our target constrained
LS problem given by

J
minimize 2 ]21 ly; — Hyx;]|
Vie Nj,Vje J.

Such a constrained convex problem can be solved by, e.g.,
the alternating direction method of multipliers (ADMM) [13],
like the DiCE algorithm [7], where the constraints X; = X; in
(2) are decoupled for parallel implementation by introducing
auxiliary variables z; € CYN1*! per node j, i.e., x; = z; and
x; = 2;,j € J,i € N,. In the DiCE algorithm an iterative
solution of the local estimate x?“ as well as the variable zf“

of each node j in iteration k£ + 1 is given by

2)

s.t. X5 =X,

XiH = argmin £;(x;; 25, A;) (32)
Xj

2! = argmin £;(z;; % A (3b)
1

A=A = (0T =), i e N, (c)

ped
with the update of Lagrange multiplier A;; € CUNT*1 en-
forcing the constraint between node j and ¢. Function £;(-)
denotes the Lagrangian function of the constrained problem
(2) separated for each local node j (details in [7]). u is a step-
size parameter. The set N7 = N; U {j} is an extension of the
neighbor set \V; by node j.

According to the update equations (3) of the DiCE algo-
rithm, the local variables x;,z; and multipliers Aj;; of node
j are updated in an iterative way with the vectors Xx;,z; and
A;; received from neighboring nodes i. A considerable com-
munication effort is required during the iterative processing,
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Fig. 2. A network of J nodes with the virtual cluster for each. All nodes
cooperate through inter-node links to detect the common messages from U
sources located in different virtual clusters.

particularly for the case when the dimension of the exchanged
vector is large. Hence, in practice high communication cost
becomes a critical issue to the distributed estimation.

IV. VIRTUAL DATA CLUSTERING FOR DISTRIBUTED
ESTIMATION

In order to reduce the communication effort, a novel virtual
clustering approach is applied to DiCE resulting in a new
algorithm VC-DiCE, which aims to decrease the amount of
data exchanged over the inter-node links. Note that in each
iteration of the DiCE algorithm, the complete vectors of x;, z;
and A;; need to be exchanged, while in VC-DiCE only a part
of the entire vector is designed to be transmitted, which is
determined by the partial consensus constraints from virtual
clustering.

A. Virtual clustering for partial consensus constraint

The virtual clustering is defined to classify the sources
corresponds to local estimation data for partial transmission
between neighboring nodes. For virtual clustering, each source
is assumed to be covered by one or multiple virtual clusters
depending on the size of each cluster. An example of regular
virtual clustering is depicted in Fig. 2, where J hexagonal
clusters with same size are defined for each node in a fully
meshed network. We define that each source point u located in
the cluster x € {1,.., J} belongs to set V,.. Correspondingly,
the local estimation data can be classified by the virtual clus-
tering, i.e., each estimate vector x; on node j is decomposed
into a set of sub-vectors {X;1,X;2,...,X; s} with each Xx;
covering the data x,, of sources u € V,,k =1,..,J.

Considering the distributed consensus-based estimation
problem (2), the constraint on entire local estimate vectors
X; = X;,%,J € J has to be satisfied. Furthermore, following
the principle of virtual clustering, we can extract sub-vectors
X, from the entire vector x; resulting in partial consensus
constraints between neighboring nodes j and ¢ € N, ie.,
X, = X; is specified into X; , = X; », & € {J,1}. For example,
in Fig. 2 assuming J = 4, the local estimate vector x; on node
j is thus composed of four sub-vectors [x;{l,xfz, X}:3, x;rA]T



Then, the consensus constraints over the whole network can
be split into several partial constraints:

X1,1 = X21 = X3,1 = X4,1,
X12 = X922 = X32 = X492,

X] = X3 = X3 = X4 = 4)
X1,3 = X2,3 = X33 = X4.3,

X1,4 = X24 = X34 = X44.

Note that, in order to achieve such a consensus of estimates
during the distributed processing, partial information needs to
be exchanged between neighboring nodes, which is determined
by the partial constraints. Thus, by using the virtual clustering
approach, we can reduce the size of data to be transmitted.

B. Virtual data selection matrix

To select the partial information, e.g., sub-vector X;; from
the entire vector x;, we define a virtual data selection (VDS)
matrix C;; on each node j to select the part of estimate data
related to the source in cluster i € Nj as x;; = C;;X;. Thus, in
the example of (4) above, those sub-vectors can be represented
by using the VDS matrices defined as C;; = [1,0,0,0],C;o =
[0,1,0,0].C;3 = [0,0,1,0],C;, = [0,0,0,1I},; = 1,..,4.
Whereas, the size of each cluster is not always the same. For
a randomly connected network, the clusters can be in different
sizes depending on the node connection. Taking an example
of J = 4 nodes network in Fig. 2, where we additionally
assume that node 4 is disconnected with node 2 and 3,
then node 1 becomes a bridge” to keep the whole network
connected. Note that local information is only exchanged
between neighboring nodes. Thus, to achieve a consensus of
estimate among all nodes, the information on all sources must
be passed through node 1. Hence, the virtual cluster 1 on node
1 has to include all the sources 1,..,U € V1, such that the cor-
responding VDS matrices become C;; = diag(I,I,II),Cj, =
[0,1,0,0],C;3=10,0,1,0],C;, = [0,0,0,I]. The VDS matrix
on each node is determined in a learning phase following some
rules summarized in [14], which is beyond scope of this paper.

C. Virtual clustering based DiCE algorithm

Recalling the DiCE algorithm, the decoupled constraints
x; = z; and X; = z; can be incorporated into x; = z;
. , . .
for i € /\/'J Moreovgr, by a.ppllym.g VC approach with
VDS matrix, the constrained optimization problem (2) can be
rewritten with partial consensus constraints given by

J
e . 1 2
minimize 5 Z ly; — Hyx; ||
J Jj=1 (5)
subject to  C;;x; = Cj;z;,

Cjjx; = Cijzi,

Vie Nj,VjeJ.

Then we apply the ADMM approach to solve the new con-
strained LS problem (5), such that the estimates x; as well as
other variables z;, A;; can be updated in an iterative way.
Furthermore, for a distributed implementation, we firstly
decompose the Lagrangian function £( -) of problem (5) into

individual sub-functions £;(x;, - ) with respect to x;:

L(x,2,A,v) Z ly; —H; XJH2
J
— Z Z [A;I‘l(CﬂX] — C”ZZ) + V};(C]‘ij — CZ]ZZ):|
J=1lieN]
J
+> > o [ — Cuml* + [|Cj5%; — Cijza*]
J=1lieN]
J
ZL'7 (x5,2, A\, V), (6)
Jj=1

where x and z represent the set of all variables x;,z;,j € J
and the set A, v includes all multipliers XA;;,v;;,5 € J,1 €
Nj. Note that the local estimate x; of node j in £;(x;, -) is
independent from the estimates x; of other nodes. Therefore,
estimate X; can be achieved in a parallel and iterative fashion
for all nodes j € J.

To calculate the local estimate X?H in iteration k + 1, we
have to minimize the cost function [,j(xj;zk,)\k,uk) with
respect to x; while assuming the rest of variables AR
from last iteration k as fixed. Then the estimate kar can be

obtained by setting 9L, (x;, 2", \¥, v*) /0x; = 0:
k1
xi+ —mmgmze[ﬁ (x;; 2%, )\ﬂ, Z)

HHH+ Z

-1
(C;.fjcjj + CﬁCﬁ)}
16./\//

H Tk T .k
Hily; + > (Cﬂxﬂ+cm ﬂ>

iEN]
+> = (CT wzk + CL,Cyjz) )] (7
1€N’
k+1

Once the estimate X; is updated, each node j has to
share partial information on xf“ with neighboring nodes
i € Nj. Then the auxiliary variable z; on each node j can be
updated according to the ADMM approach. For the distributed
implementation, we also reformulate the Lagrangian function
L(-) and decompose it into sub-functions L’ (z;, -) with
respect to z;:

L(X,2, A\, V) =

Z Iy = M,
J
-2 [AE(Cijxi —Cjz) +

I/iTj (Ciixi — Cjizj)i|

=i,
! 1
+> 57 [ICix: = €251 + || Caaxi — Ciz ]
J=1lieN]
J
= L x A ). )



Similarly, z; is also calculated by minimizing the local cost
function £’(z;, x, A, v) with respect to z;. For iteration k +1,
since x?“ is already updated, then we assume x**1, )\k, vk
in cost function L (zj;xk“,)\k,uk) are fixed, and zéﬁ'l
obtained by solving 8ﬁg(zj;xk+1, NF Uk /92 = 0:

is

B4l o okl kK
z; —mln;mlzeljj(zj,xj A Vi)
J

1

-2

ieN]

1
+ > (c;fjcijxf“ +cﬁciix§+1>1. 9)
ieny #

—1
(CjTjij + C};Cji)

T yk T 'k

Afterwards, each node j shares the partial information on zé”l

with neighboring nodes ¢ € N; and prepares for the update
of the multipliers )\;‘f ! and V;“f !, The update equations are
given according to ADMM method and read:

1
Aﬁlzxﬁ—ﬂ<qﬂﬁ1—c¢ﬁ“> (10a)
1
%jlzug—-cyﬂfl—cﬁﬁ+v. (10b)
w

During the distributed estimation of the VC-DiCE algo-
rithm, the update of x;,z;, A;;,v;; on each node j requires
additional information Xx;,z;, A;;,v;; from neighboring nodes
1 over the inter-node links according to (7)-(10). In contrast
to DiCE where the entire local vectors are exchanged, in
VC-DiCE only partial information is transmitted. For the
exchange of information on x; and z;, only sub-vectors
x;; = C;ix;,2z;; = Cj;;z; selected by the VDS matrices
Cj;,i € /\/j’ are transmitted by node j to its neighboring
nodes . For the exchange of multipliers \j;, v/j;, sub-vectors
Cii\ji, Cijvj; are transmitted from node j to nodes i € J\/'J
Note that when the VDS matrices are not all quadratic, i.e.,
rank(C;;) < UNt,j € J,i € N/, then the dimension of
exchanged vectors in VC-DiCE decreases compared to DiCE.
Therefore, a reduction on the communication effort during the
distributed estimation can be achieved. The whole procedure
of the VC-DIiCE algorithm is summarized in Algorithm 1.

V. PERFORMANCE EVALUATION

In this section, we present numerical examples to corrob-
orate the proposed algorithm. For the evaluation, we conduct
simulation by means of the Monte Carlo method over 1000 tri-
als. The channels between sources and nodes are i.i.d. complex
Gaussian, and a path-loss in between is also considered, which
is inversely proportional to the distance with loss exponent
of 1. We consider a network of J nodes connected with a
connectivity ratio r, which is defined as the ratio between
actual number of node to node (N2N) links (edges &) and the

Algorithm 1 VC-DiCE algorithm

Require: Define maximum iteration K, choose initial values
for Lagrange multipliers )\?i = u?—i = 0 and variables

x?:z?:OforalleJ,ieNf,k::0.

Distributed processing among nodes for iteration k£ + 1:

1: Each node j updates the local estimate x?"’l according to
(7), and transmits the partial estimates ijxfﬂ, Cjxit!
to its neighboring nodes i € N;;

2: Each node j updates the auxiliary variable z? ac-
cording to (9), and transmits the partial variables
C;;z5 ™, C izl to neighboring nodes i € Nj;

3: Each node j updates the multipliers )\;“f ! and u;“j !
according to (10) respectively, then it sends the partial
multipliers C”)\fj' 1,Cijué?i+ ! to its neighboring nodes
i€ Nj.

4: If k = K, then stop, otherwise increase k by 1 and go to
step 1.

J

+1
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Fig. 3. MSE vs. number of total communication overhead measured in vector
elements, J = U = 5, Ny = 1, Nr = 2, the network is randomly connected
(—) and fully connected (), each marker represents an increment of 50
iterations
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To evaluate the distributed algorithms, we use the averaged
mean square error (MSE) as a metric to measure the estimation
performance, which is defined by

1 2
MSE::}Z;Eﬂkﬁ—xH}. (12)

In addition, the communication overhead produced during the
distributed processing is also of interest. Here, we define the
overhead as a number of elements in exchanged vectors (or
dimension of the vector) over the N2N links.
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In Fig. 3, the convergence behavior of the distributed
estimation algorithms is illustrated, where the local estimates
in both algorithms converge to a centralized solution X, =
(H"H)~'H"y, H = [HT, ..7H§]T (details given in [7]) with
an increased overhead during the iterative processing. For the
same estimation performance, we can observe that the VC-
DiCE algorithm reduces the overhead considerably compared
to the DiCE algorithm for a randomly connected network.
In particular, a significant reduction on the communication
effort can be achieved by VC-DiCE for a fully connected
network compared to other typologies, since every node can
directly communicate with other nodes, thus only a small part
of information interested by the neighboring nodes needs to
be transmitted.

In Fig. 4, a systematic illustration of the communication
overhead of all N2N links produced by distributed algorithms
per iteration with respect to varying system parameters is
given. The result shows that a significant overhead can be
reduced by VC-DiCE compared to the DiCE algorithm. In
particular for a highly connected network (r = 1) with a
large scale of sources (U = 10), VC-DICE saves almost 80%
overhead compared to the DiCE algorithm. Moreover, the N2N
overhead in DICE grows with increasing number of sources
and connectivity ratio. In contrast, low overhead is produced
by VC-DIiCE for a large connectivity ratio, since for a highly
connected network, each node can only spread a small part of
the local estimate vectors to reach the consensus constraint as
indicated by the examples given in section IV-B.

VI. CONCLUSION

In this paper, we apply a novel approach of virtual clustering
to the distributed consensus-based estimation in cooperative
networks for a reduction of the communication effort. One
VC-based distributed estimation algorithm has been developed

with exchanged information of a reduced size. The proposed
VC-DiCE algorithm can significantly reduce communication
effort compared to former algorithm especially for a highly
connected network while keeping the estimation accuracy. For
verification, the estimation performance and the communica-
tion effort of the proposed algorithm have been evaluated in
numerical simulation. The results reveal that the VC-DiCE
algorithm succeeds in reducing the overhead compared to the
DiCE algorithm. Furthermore, it should be noticed that the
virtual clustering approach developed here is not limited to one
algorithm but is also applicable to other distributed algorithms
for consensus-based estimation. The design of virtual cluster
or VDS matrix is of importance for reducing the size of
exchanged information, thus more investigation needs to be
performed to the optimize virtual clustering for data selection
and transmission.
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