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ABSTRACT 2. SYSTEM MODEL

Consider the equivalent baseband model of a single-useipheul
antenna system witlr transmit andVz > Np receive antennas.
The channels are uncorrelated and flat Rayleigh fading. élenc
the Ng x N channel matriX consists of independent circularly
symmetric complex Gaussian entries with zero mean and ariit v
ance. The receive vector is given by

A new method for determining the layer-wise SINR distribatas
well as the total outage probability of V-BLAST with succiess
interference cancellation at the receiver is presentedomtrast to
previous publications, we do not restrict to zero-forcibgt also
consider minimum mean square error interference suppresHi
is shown that optimizing the detection sequence is even imore
portant in this case, and that ordered MMSE-SIC can achigVe f

receive diversity if the data rate per layer is not largentbae. y=Hx+n, @
where the vectox = [z1,...,2n,]7 With covariance matrix
E {xx"} = Ly, contains independent transmit symbols, and

1. INTRODUCTION represents circularly symmetric and white complex Gaugsidse

with variances2. Perfect channel state information is assumed at

Multiple antenna systems can be used to achieve very high spe the receiver.
tral efficiencies [1]. The layered V-BLAST architecture iprac-
tical way to realize unprecedented data rates [2]. A detgler-
formance analysis for simple linear as well as optimal maxim
likelihood receivers can be found in [3]. However, for theened
successive interference cancellation (SIC) proposed]jrafalyt-
ical results are more difficult to obtain. In [4], it was shothat
without sorting the diversity order of the-th layer is given by
Ngr — Nt + k, whereNt and N denote the number of transmit
and receive antennas. The importance of an optimized dmtect
order for the information outage probability was highligthin [5],
where a uniform power and rate allocation among a subsedms-{r
mit antennas was conjectured to be optimal, but the requiied
tribution of the layer-wise signal to noise ratio (SNR) wihti-
mal ordering was only approximated by Monte-Carlo simoladi

3. ZF-SICWITHOUT ORDERING

For each layer, the interference caused by already detiagted is
subtracted from the receive signal, and the remainingfarence

is suppressed by a linear filter. The required filter matrfobs
low from the QL decomposition of the channel matkix= QL,
where theNr x Nr matrix Q has orthogonal columns with unit
norm andL is lower triangular with real-valued and nonnegative
diagonal elements [9]. Assuming correct decisions in aljmus
detection steps, . . . , k — 1, the estimaté:;. of x; can be obtained
from the filtered receive signal= Qy via

k—1
The exact expression for the case of two transmit antennas wa - . ~
! ; : . o =z — l m =1 , 2
first determined in [6] using the distribution of the anglevibeen Th = 2k mzzl fm & Wl e Tk 2)

two complex Gaussian vectors, which was also employed to find
loose bounds foNy > 2in [7]. An alternative approach based on
the inverted complex Wishart distribution was recentlyspreed
in [8].

The above mentioned publications assume perfect intexdere SNRy = lik/gi . (3)
suppression by a linear zero-forcing (ZF) filter. The metded
scribed in this paper is somewhat more intuitive than previo o
ones. Even more important, it can be extended to analyzéghe s 3-1. SNR Distribution
nal to interference and noise ratio (SINR) when using a mimm
mean square error (MMSE) filter. This will be used to derive th
exact outage probability of various SIC receiver strugure

where the noisé, is still white with variances2. Thus, the SNR
of the k-th layer is given by

From the rotational invariance of the multivariate Gausslestri-
bution ofhy, it can be deduced that the elementd.adre indepen-
dent and,,;, is complex Gaussian fan > k. Furthermore, as
the squared column norifhy||? has ay? distribution with2 N
This work was supported in part by the German Research Ftianda ~ degrees of freedom [10], the squared diagonal eleitieris also
(DFG) under grant KA 841/15-1. x2-distributed, but with onl2(Ng — N7 + k) degrees of freedom.




Hence, we get the pdf’'s both detection orders are equiprobable, this leads to theittonal

cdf

(NR—Np+k—1,-t

H=t T e 4
QR Ty vy Sl “) Poxry (9| Ba =€) = Py (20|81 + | 2 ) . (A1)
P, 2(t) = e, m>k (5)

b

Exploiting the statistical independencelef andl,q, we first cal-

that are zero fot < 0. Using (3), the cdf of the SNR on theth culate the joint probability

layer can be obtained by integrating over (4)
Pr{i}; <029, 5, + [la]? > €}

0'3”9 [eS)
= / / P2, (t) * Pliyy 2 (w) dudt (12)
where¥(n,z) = v(n,z)/T'(n) is a normalized version of the 0 €-n+
incomplete gamma function [11]. {[giﬁ]NRlef/F(NR)

(Vg — 1,020) — 4(N&, )

Psxwy(9) = Pg, (079) =5(Nr = Nr + k079, (6)

L o) <€

,on0 > € (13)

3.2. Outage Probability

from the pdf’s (4) and (5), where the notation) ™ = max{x, 0}
was introduced. As expected, (13) corresponds to (6 fer 0,
while for 0219 — oo we get the complementary cdf (b, ||?

An outage occurs if the channel capacity of at least one lesyer

too small to support the chosen data rRteé-or Gaussian transmit

symbols, error-free transmission is only possible if
Cr=1logy,(1+SNRy) >R = SNR,>28-1 (7) Pr{lf; + |la1]* > €} =1 -3(Ng, &) =T(Ng,&) . (14)

holds for allk. Since the layers are statistically independent, the Hence, (11) is given by

total outage probability becomes

_ Pr{id <ont, By + |l > €}

N Psx, (9|15, =€) = 3 3
. >
Pow=1-[[T(Na - Nz + k022" —1])  (8) Prifiy + [laf* 2 €}
k=1 _ {[O’iﬁ]NR—le_E/F(NR,g) 5 0'72119 §§ (15)
- T _ 2 a 2
with the regularized complementary incomplete gamma fanct 1 =TV =1,020)/T(NR,&) ol > &

L(n,z) =(n,2)/T(n) =1=5(n, ). The unconditional cdf oBNR; can be computed by averaging

(15) overi,. The required pdf of2,
4. ZF-SICWITH OPTIMIZED ORDERING

2¢Nr=1e=8
The order of detection can be optimized by exchanging elésnen pig, (&) = WF(NR’@ (16)
of the transmit vectox and the corresponding columns of the f
channel matrixH before the QL decomposition [9]. Let us de-
fine H = HII = QL for some permutation matrii and restrict
to the case ofVy = 2 transmit antennas in the following, for
simplicity. In order to maximize the minimum SNR, we need to

is obtained by taking the derivative of (10). With this, weafig
arrive at

choose the detection sequence such that
B =min {||h: | |h2|*} = B <G +[la]*,  (9)

i.e. the layer with the weaker channel is detected last aed dot

have to suppress interference by a linear filter.

4.1. SNR Distribution

With (9), the cdf of the squared second diagonal elementasitye

be found using order statistics [10]

Pg, (&) =1 — [Pr{[h|® > €)]* = 1 - [[(Nr.8)]

=%(Nr,&) - [2 = 3(Nr,8)] (10)

Then, similar to (6), the distribution &NR., for the optimal per-
mutation is given byPsnr, (¥) = 2, (029). As already ob-
served in [6], it is approximately doubled due to sorting.

2
22

Unfortunately, the diagonal elementsiofire not independent

anymore. However, conditioned & = &, the natural ordering is
optimal whenevet?; + |lo1|> > ¢ is fulfilled according to (9). As

Psr, (9) = /OOO Psxr, (0] 050 =€) -ppz (€) 6 (17)

_ [ond) T (N, 2039) BN o2n]?
= Tt [F(Nr,020)]

—20(Ng — 1,029) - (Ng, 029) . (18)

Note that the integral in (17) must be split up into two paatsd
the first term in (18) belongs to the casgd < ¢ in (15).

4.2. Outage Probability

In contrast to Section 3.2, the joint SNR distribution can be
factorized anymore. However, lettisg= 2% — 1 and keeping in
mind thatSNR, > ¢ is equivalent td3, > o24, the exact outage
probability of ordered ZF-SIC

Pouwt = PSNR2 (19) + Pr {SNRl < 19, SNRs > 19} (19)
[029)NRTIT(NR, 20209)
2NrR—ID(Ng)

=1 [F(¥m, 0319)]2 + (20)

directly follows from (10) and (18).



5. MMSE-SICWITHOUT ORDERING

In [12], it was demonstrated that SIC with MMSE filtering e
sponds to the ZF-SIC described in Section 3 if the matrigemnd
L are replaced bf): andL obtained from the QL decomposition
of the extended channel matrix

(1) = (812

We will focus onSINR; in the following, because the results for
the second layer remain unaffected as no interference rteeds
be suppressed. Using the relatigiis, ||> = |/hs|®> + o2 and
[bfh, |> = 13,121)?, it can be shown that
ﬁ_l L l%_l |l21|?
o} 03 I +od

H=

(1)

SINR; = (22)

5.1. SINR Distribution

Similar to (12), the SINR distribution of the first layer catiched
onl%, = ¢ can be calculated by integrating over the joint pdf of
12
Psing, (19 ‘ l§2 = {) = Pr{ 1 + —

l%l and|l21 |2
< ﬁ}
£4o2

[e+o210—tn
- / / T pe () Py (W) dudt (29)

e 1+ onlI5(NR — 1, —9¢)
[—¢/aR) Nt '
For ¢/02 — oo, the second term vanishes and we obtain the
cdf of SNRl with ZF filtering. On the other hand, (24) tends to
5(Ng,029) for £/o2 — 0, which is identical to the SNR distri-
bution after maximum ratio combining. Hence, the MMSE filter

benefits from small SNR’s on the second layer. The unconditio
cdf can then be determined from

|l21|
E+o

=5(Nr — 1,070) —

(24)

Psing, (9) = /OO Psing, (9 | 155 = €) “piz, (§) d€ (25)
0
- PN )
“H(Nn— L)~ T (20

5.2. Outage Probability

The outage probability corresponds to (19) WBtKR, substituted
by SINR;. The joint probability therein is equal to (25) if the
lower limit of the integral is replaced hy24, which yields after
some manipulations
Pout =1 = T(Ng — 1,020) - T(Ng, 021)
[U%ﬁ]NRfle—ofLﬁ
~ T(Ng)-[9+1]
67[79+1]ai19

[f(NR —1,020) (27)

+ WW(NR - 1, *0’%192)] .

6. MMSE-SICWITH OPTIMIZED ORDERING

We now finally turn to the case of ordered MMSE-SIC. The de-
tection is based on the QL decompositionHf= HII, and the
ordering criterion (9) is still optimal, so we can simply coime
the approaches from the previous sections.

6.1. SINR Distribution

Along the lines of (12) and (23), we have to calculate the abilb
ity Pr{l11 + ”21‘2 <9, 13 4 [laa]® > f} from the joint pdf of
13, and|l21)?, and then divide it by (N, €) as in (15) to obtain
the conditional cdfPsing, (¥ |3, = £). Then, taking the expec-

tation overi2, and performing some simplifications finally leads
to

Psing, () =1 — [f(NR:Uiﬁ)]Q

—2['(Nr — 1,009) - 9(N&, 079)
_ 2\Np—1[/_ _242\Ng—1
+ ( Un) ( o—nﬁ ) —203,]79 (28)
I'(Nr) I'(Nr)

B 2(7'[9)NR_16_072"19

TiT(Nr —1,000)
e P = o (ne g 2050
2NR—1(J 4 1) R
0 <
with Y (n, z) = 4 T TS0 (29)
—I'(n,z) ,z>0.

6.2. Outage Probability

As for the case of ordered ZF-SIC, the expression for thegeuta
probability turns out to be an intermediate result durirgchlcu-
lation of (28). Itis given by

Pout —1_[ (NR7Un )

NR 1|: 2192 Np—1 2020

| getorae (30)

2
Sl —1,—029%)

’Y(N

2029
(1—9)Nre =T
2NR—1(9 + 1)

20292
9 -1

+ T(NRfl

)]

7. NUMERICAL RESULTS

In this section, we present numerical results for a systeth wi
two transmit and receive antennas. Fig. 1 depicts the SINR di
tributions per layer for fixed noise varianeé and varying rate
9 = 2% — 1. As already noted before, optimal sorting approxi-
mately doubles the cdf of the second layer, while the curvibef
first layer is shifted to the right bg dB for ZF-SIC. The impact
of MMSE filtering is most pronounced for strong noise. Usihg t
optimum detection order, a cliff & = 1 can be seen, and the cdf
of the first layer rapidly converges to that of the second oite w
the inverted optimal ordering, = max{||h;|]?, ||h2||?}. With-
out sorting, a constant gap remains. From Fig. 2, we find that t
performance of ordered MMSE-SIC is strictly dominated by th
second layer as long @8 < 1, thus it achieves full receive diver-
sity. However, for larger data rates the cdfSiNR, flattens, and
the diversity degree is equal to that of the other receivenmts.
Interestingly, this behavior can also be observed for uaddait
error rates [12]. Finally, Fig. 3 compares the outage pribitias
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Fig. 1. SINR distributions fow2 € {0.01,0.1, 1} (left to right).
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Fig. 2. SINR distributions fork € {0.5, 1, 1.5} (right to left).

to the corresponding union bounds. Although the approdonat
is very tight for sufficiently smalP,., it is usually even easier to
compute the exact solution than the sum of the layer-wiseRSIN
distributions.

8. CONCLUSION

A unified approach to the SINR and outage analysis of V-BLAST
with different SIC detection schemes has been presentedeWe
stricted to the case of two transmit antennas, for simplidie-
cause the integrals become quite involved Mr > 2. It was
demonstrated that the conditional cdf of the SINR on the [fsstr

can be calculated from the QL decomposition of the channel ma

trix for all considered receiver structures. The uncoodil cdf
was then found by averaging over the second layer. With ithis,
could be shown that ordered MMSE-SIC achieves full receive d
versity if the data rate per layer is not larger than one. Agmdu-
uct, we also obtained the joint SINR distribution, which leled us

to compute the exact outage probabilities.
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Fig. 3. Exact outage probabilities and union boundsRo 1.
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