
Physical Layer Network Coding Using Gaussian
Waveforms: A Link Level Performance Analysis

Matthias Woltering, Dirk Wübben, and Armin Dekorsy Stephan Schedler, and Volker Kühn
University of Bremen, Bremen, Germany University of Rostock, Rostock, Germany

Email: {woltering, wuebben, dekorsy}@ant.uni-bremen.de Email: {stephan.schedler, volker.kuehn}@uni-rostock.de

Abstract—Using general waveforms has recently gained om-
nipresent attention for robustness in systems under practical
constraints. In this paper, two way relaying networks using
physical layer network coding utilizing a multicarrier scheme
with Gaussian waveforms are analyzed. This combination is
introduced to be more robust against the impact of carrier
frequency offsets and timing offsets. In two way relaying a
multiple access phase is applied, where both users transmit
their messages simultaneously on the same resources to an
assisting relay. Here, a superposition of both signals containing
the influence of the individual channels is received. The additional
interference introduced by the non-orthogonal Gaussian filter is
treated by a linear equalizer. To reduce complexity the equalizer
is simplified to treat adjacent symbols in the time-frequency
grid, only. To evaluate the overall performance of the introduced
equalizer, different decoding strategies are analyzed by means of
a link level simulations.

Index Terms—generalized FDM, linear MMSE equalizer,
physical-layer network coding, two way relay channel, Link level
simulation.

I. INTRODUCTION

Modern communication systems have evolved to networks
supporting an increasing number of services. A key technology
for future communication systems is the principle of coop-
erative communication. It offers transmission techniques to
enhance the coverage for applications with required Quality of
Service (QoS) constraints [1]–[3]. Beside cooperation among
sources and destinations, the utilization of relay stations has
gained significant interest [3], [4]. Intermediate relay nodes
can reduce the path loss significantly and offer spatial diversity.
In [5]–[8] the two way relay channel (TWRC) with physical-
layer network coding (PLNC) is introduced, where data of two
users is exchanged over an assisting relay as shown in Fig. 1.
In the Multiple Access (MA) phase both users transmit their
data simultaneously on the same resources to the relay and in a
following broadcast (BC) phase the relay transmits a network
coded signal back to both users. As the users are aware of their
own message, they are able to extract the desired message of
the other user from the network coded message.

As both nodes are transmitting simultaneously to the relay,
a major implementation challenge is the removal of inherent
time and frequency offsets due to different oscillators or
dispersive channel realizations. Since Orthogonal Frequency
Division Multiplexing (OFDM) is widely used as multicarrier
transmission scheme in current mobile transmission standards,
the combination of OFDM and PLNC has been proposed
in [9]–[15]. However, in [16] it was shown that OFDM in
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Fig. 1. A TWRC with MA phase (solid lines) and BC phase (dashed lines).

TWRCs suffers from carrier frequency offset causing Inter-
Carrier Interference (ICI). Much research has been done to
improve the robustness of multicarrier systems regarding these
effects.

Besides OFDM many multicarrier schemes are known,
where alternative transmit and receive filters are used instead
of the rectangular one in OFDM. In [17] subcarrier-wise
filtering is considered named Offset-QAM/Filter Bank Multi-
Carrier (OQAM/FBMC). Here, well-localized filters are used
to generate an orthogonal transmit scheme. Another scheme is
universal filtered multicarrier (UFMC), which is a subblock-
based filtered OFDM system introduced in [18]. More gen-
eralized schemes, which utilize non-orthogonal multicarrier
transmission are given in [19], [20]. In [19] an introduction to
generalized FDM (GFDM) is given, whereas [20] deals with
a block-based realization, similar to OFDM. An overview of
non-orthogonal waveforms in mobile applications is given in
[21].

In this paper, a Gaussian prototype filter in combination with
GFDM and PLNC is used. Contrary to an OFDM system,
which is in the ideal case perfectly orthogonal, a Gaussian
prototype filter introduces inter-symbol interference (ISI) and
ICI even in a synchronized system. However, a Gaussian
prototype filter decays fast such that interference is mainly
limited to adjacent time-frequency points. Furthermore, it has
the same shape in time and frequency and it is optimally
concentrated [17], [22]. One approach to treat the interference
is a linear Minimum Mean Square Error (MMSE) equalizer.
This paper focuses on the implementation of PLNC and
GFDM with Gaussian waveforms in a link level simulation,
including the impact of practical implementation constraints.

The paper is organized as follows. In Section II, a PLNC
system model is given using general filters. First, the signal
which is received at the relay is derived, then a linear equalizer
with respect to MMSE criterion is introduced. Furthermore,
the decoding and detection schemes are briefly introduced. In
Section III simulation results are presented and Section IV
concludes the paper.

Notations: In this paper, lower case bold characters are used
to denote vectors, upper case bold characters denote matrices.
( · )T denotes the transpose of a vector, ( · )∗ is the conjugate
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Fig. 2. Block diagram of the MA phase of a PLNC system with Generalized FDM (GFDM)

complex, ( · )H is the conjugate transposed and p ( · ) is a
Probability Density Function (PDF).

II. SYSTEM DESCRIPTION

A. Relay Receive signal

As depicted in Fig. 2, uA and uB denote binary sequences
of user A and user B which get encoded by a linear C code
with code rate RC. The coded binary sequences cA = C(uA)
and cB = C(uB) are modulated with a M -QAM to symbol
sequences. These sequences are mapped to matrices DA and
DB, where each element d(k,`)A and d

(k,`)
B is related to one

point in a time-frequency grid (k, `). The dimension are NK×
NL, where NK and NL give the number of symbols per frame
in frequency and time dimension, respectively. Each symbol
is shifted on the corresponding kth subcarrier in the `th time
slot by the transmit filter g(k,`)Tx (t):

g
(k,`)
Tx (t) = g (t− `T ) ej2πkFt , (1)

where t is continuous time variable, F denotes subcarrier
spacing and T is symbol spacing. The matched filter at the
receiver, corresponding to (1), is given by

g
(k′,`′)
Rx (t) =g∗ (−t− `′T ) · e−j2π(k′F)(−t) . (2)

Both transmit signals will pass individual channels H(τ, ν).
The delay-Doppler function is the Fourier transform of
H(τ, ν) s ch(τ, t) regarding t and given by

H(τ, ν) =

Nh−1∑
ι=0

hιδ(τ − τι −∆τ)δ(ν − νι −∆ν) , (3)

where hι, τι, νι are the complex channel coefficient, time delay
and Doppler shift of tap ι = 0, . . . , Nh−1. Additionally carrier
frequency offset (CFO) ∆ν and timing offset (TO) ∆τ are
introduced in (3), which occur individually on each user link.
The assisting relay receives the superposition of both signals
and additive white Gaussian noise (AWGN) with nR(t) ∼
CN (0, σ2

n ). And the received signal after matched filtering and
sampling at the relay on the time and frequency point (k′, `′)
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Fig. 3. Ambiguity function of the (a) isotropic Gaussian and a (b) rectangular
filter, respectively

is given by [23]

y
(k′,`′)
R =

NK−1∑
k=0

NL−1∑
`=0

d
(k,`)
A v

(k,`,k′,`′)
A +

NK−1∑
k=0

NL−1∑
`=0

d
(k,`)
B v

(k,`,k′,`′)
B + ñ

(k′,`′)
R , (4)

where ñ(k′,`′)
R is the filtered noise at the relay. The coefficients

v
(k,`,k′,`′)
i with i ∈ {A,B} defined in (5) on the next page,

combine the impact of the channel H(τ, ν) as well as the
transmit and receive filter for the corresponding transmit

signals d(k,`)A and d
(k,`)
B on the receive signal y(k′,`′)

R . The
auto-ambiguity function used in (5) is defined like [19]

A (τ, ν) =

∫
g
(
t+

τ

2

)
g∗
(
t− τ

2

)
e−j2πνtdt , (6)

describes the influences on a specific time and frequency point
given a filter g( · ). It is depicted for a Gaussian as well as for
a rectangular filter in Fig. 3.

Hence, the sampled receive signal after matched filtering at
the relay can also be given by matrix notation:

yR = VA ·dA + VB ·dB + nR . (7)

Here, the operator vec{ · } which stack the columns of a matrix
to a vector and it is used to generate the symbol vectors
dA = vec{DA} and dB = vec{DB}. The receive signal yR

can also be interpreted as a stacked vector yR = vec{YR}.



v
(k,`,k′,`′)
i =

∫∫
Hi (τ, ν) e−2jπ(kFτ+(F(k′−k)−ν)( 1

2 ((`′+`)T+τ))) ·A∗ (T (`− `′) + τ, F (k − k′) + ν) dνdτ (5)
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Fig. 4. Absolute values of the elements in matrix Vi for one user in
logarithmic scale

Exemplary, Fig. 4 depicts the absolute values of matrix V
for a Gaussian transmit filter, a simple AWGN channel with
H(τ, ν) = δ(τ)δ(ν) and frames with symbols on NL×NK =
7 × 7 time frequency grid. Due to the small influence to
adjacent time-frequency points, matrix V is sparse for well
localized filters as also indicated by the ambiguity function in
Fig. 3, which motivates that only considering some neighbors
in the equalizer could be sufficient.

B. Equalizer

The goal at the equalizer output is to reduce the influence
of the interference (ISI and ICI) introduced by the channel
and the filters and provide a signal which is only dependent
on the desired signals. As described in [24], the influence
of non-orthogonal filters and doubly dispersive channels are
highly complex and the optimal sequence estimator is a Viterbi
algorithm working on a state diagram including all possible
states in time and frequency. Here, we focus on a linear
equalizer taking only adjacent symbols in time-frequency grid
into account. The restriction to a small number of neighboring
symbols is motivated by the auto-ambiguity function of the
Gaussian prototype filter depicted in Fig. 3(a). Contrary to
the ambiguity function of a rectangular prototype filter in Fig
3(b), the Gaussian waveform is well concentrated in time and
frequency, i.e. the interference terms are limited to adjacent
time-frequency points. As the interference only occupy some
neighbors, the input of the equalizer could be reduced to a
vector with smaller size. A window matrix operator as

ωNN
(k′,`′){A} = vec{[A](k′−NN:k′+NN)(`′−NN:`′+NN)} (8)

which selects a rectangular window out of a matrix A de-
pending on a number of neighbors NN around (k′, `′) in each
direction. Without loss of generality, we assume here that the
window is squared, the operator can easily extend to window
that use different neighbors in frequency and time direction
Hence, by using this operator the equalizer input for a specific
time-frequency point (k′, `′) at the relay uses a windowed

received signal

y
(k′,`′)
w = ω

(NN)
(k′,`′){YR} , (9)

which is approximated from YR. It considering only some
neighbors and has the size (2NN + 1)2 × 1. This windowed
receive signal in (9) can be written as

y
(k′,`′)
w = ṼA ·dA + ṼB ·dB + n

(k′,`′)
w,R . (10)

ṼA and ṼB are matrices which have reduced size correspond-
ing to (8) and they contain the corresponding coefficients given

by (5) and n
(k′,`′)
w,R is the windowed noise vector. The size of

these matrices is (2NN + 1)2 × (NL ·NK). The output of a
linear equalizer z(k′,`′) is given by

y
(k′,`′)
EQ =

(
z(k′,`′)

)T
y

(k′,`′)
w . (11)

Note that the output of the equalizer y(k′,`′)
EQ are elements of

a matrix denoted as YEQ.
The equalizer coefficients to estimate the superposition

d
(k′,`′)
A = d

(k′,`′)
B of the data are determined assuming MMSE

criterion, by solving optimization problem

z
(k′,`′)
MMSE = arg min

z(k
′,`′)

E

{∣∣∣∣y(k′,`′)
EQ −

(
d
(k′,`′)
A + d

(k′,`′)
B

)∣∣∣∣2
}
.

(12)

The solution is given by [25](
z

(k′,`′)
MMSE

)T

= eT
(
Ṽ H
A + Ṽ H

B

)(
ṼA Ṽ H

A + ṼB Ṽ H
B +

σ2
n

σ2
S
I

)−1
, (13)

where vector eT = [0, · · · , 0, 1, 0, · · · , 0] selects the row that
corresponds to the desired symbol (k′, `′).

Considering a smaller number of neighbors reduces the
complexity. The impact of the interference is directly con-
nected to the window size. If NN adjacent neighbors are
considered by the equalizer, the interference caused by the
(2NN + 1)2 neighbors around symbol (k′, `′) will be con-
sidered. The interference of time-frequency points that are
more than NN + 1 symbols away, is not considered by the
equalizer. The larger NN, the smaller the impact of the
residual interference. For a frame size of NFr = NL ·NK
symbols, the complexity of a full inversion in (13) is of order
Qfull ∼ O(N3

Fr), whereas a reduced equalizer requires NFr
inversions of a matrix with size (2NN + 1)2 which is of
order Qreduced ∼ O(NFr · ((2NN + 1)2)3). As shown in Fig. 5
considering only some neighbors reduces the complexity only,
if NN is small. For a frame of size NFr = 320 elements,
complexity can be reduced only if NN ≤ 3.



p (yEQ | dAB) ≈ 1

π
(
σ2

n,EQ + σ2
I

)exp

(
−‖yR − vAdA − vBdB‖2

σ2
n,EQ + σ2

I

)
(14)
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C. Detection and Decoding

The goal of the detection and decoding block is to generate
a relay codeword cR which is mapped to a symbol matrix
DR containing all symbols to transmit a network coded signal
back to the user A and B in the BC phase. The task at
the detector and decoding block is to maintain this network

coded signal cR from the equalizer signal y(k′,`′)
EQ . In [25],

[26] different decoding and detection schemes for PLNC are
analyzed, which uses different estimation schemes. In general,
all detection schemes share the same a-posteriori probability
(APP) calculation, where the input signal of the decoding stage
is calculated.

1) Seperate Channel Decoding (SCD): First, SCD is in-
troduced [11], where the relay uses two seperate decoders
to estimate each individual message ûA and ûB, separately.
At one decoder the signal of the other user is treated as
interference completely. The input signal of each decoder A
is based on the Log-Likelihood Ratios (LLRs) L(cA) and of
decoder B on L(cB). The LLRs are generated out of the APPs,
i.e. the LLR of a single codebit is calculated as

L(cA) = log
Pr {cA = 0|yR}
Pr {cA = 1|yR}

= log

∑
D0

S,A
p (yR|dAB)∑

D1
S,A
p (yR|dAB)

,

(15)

where DκS,A is the set containing all symbol pairs
dAB = (dA, dB) with involved bit cA = κ. The same calcula-
tions are done to get the LLRs codebits L(cB). After estimat-
ing, the relay performs the XOR combination of the estimated
user data to generate the relay codeword cR = C(ûA)⊕C(ûB).

2) Joint Channel decoding and physical-layer Network cod-
ing (JCNC): JCNC is a approach that jointly estimates the
XORed codeword cR [5] based on the LLR L(cA⊕B), i.e. the
LLR of a single codebit is calculated as

L(cA⊕B) = log
Pr {cA⊕B = 0|yR}
Pr {cA⊕B = 1|yR}

= log

∑
D0

J
p (yR|dAB)∑

D1
J
p (yR|dAB)

,

(16)

where DκJ is the set containing all symbol pairs
dAB = (dA, dB) with involved bit cA⊕B = κ. Here the
decoding is done by using only one decoder, which directly
detects the codeword cR.

3) Generalized Joint Channel decoding and physical-layer
Network coding (G-JCNC): The G-JCNC scheme perfroms
joint decoding of both channel codes by directly feeding the
symbol-APPs to a non-binary channel decoder in order to fully
exploit the coding gain [8].

4) APP calculation: As described above each scheme needs
to calculate the APPs. At the output of the equalizer in (11)
the signal can be separated into desired signal, interference
signal and noise signal given by

y
(k′,`′)
EQ = vT

EQ,AdA + vT
Eq,BdB +

(
z(k′,`′)

)T
n

(k′,`′)
w,R

= vS,Ad
(k′,`′)
A +vS,Bd

(k′,`′)
B +y

(k′,`′)
I +n

(k′,`′)
EQ,R , (17)

where vT
EQ,A =

(
z(k′,`′)

)T
· ṼA is the overall effective

channel vector for user A including the equalizer, waveforms
and the channel. For user B coefficient vector vT

EQ,B are
defined in the same way. The elements vS,A = v

(k′,`′,k′,`′)
EQ,A

and vS,B = v
(k′,`′,k′,`′)
EQ,B are scalar channel coefficients for the

desired signal. The sum of interference terms y(k′,`′)
I of both

users is given by

y
(k′,`′)
I =

∑
i

∑
k

∑
`

(k,`) 6=(k′,`′)

v
(k,`,k′,`′)
EQ,i d

(k,`)
i . (18)

The noise term reads

n
(k′,`′)
EQ,R =

(
z(k′,`′)

)T
n

(k′,`′)
w,R , (19)

with n(k′,`′)
EQ,R ∼ CN (0, σ2

n,EQ). For APP computation the inter-
ference terms are assumed to be complex normal distributed

with y(k′,`′)
I ∼ CN (0, σ2

I ). Then the calculation of the APPs
can be approximated by (14), omitting the time frequency
index for brevity.

III. SIMULATION

A multicarrier system with binary phase-shift keying
(BPSK) modulation is considered. For simulation a Raleigh
fading channel with exponentially decreasing power delay
profile and equally distributed Doppler shifts is used. Each
frame is encoded by an Low Density Parity Check (LDPC)
code with code rate RC = 0.3, which is matched on a frame
with the size of NK = 16 subcarriers and NL = 10 time
symbols, so that in total 160 symbols are transmitted per
frame. To generate transmit signals xA(t) and xB(t) given in
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Fig. 6. Equalizer signals of a whole frame. (a) equalizer input given by (7),
(b) and (c) equalizer output in (17), and (d) output signal at one specific time
instance

Fig. 2, a polyphase based network [22] is used, and transmit
and receive filters are sampled by Ts = T

o ·NK
, where o is

the factor as a multiple of the number of subcarriers. In the
following results the oversampling is set to o = 8, where an
overall oversampling of 128 is generated to approximate the
Gaussian waveform to a quasi analog system in the simulation.

First, the impact of the equalizer is exemplary analyzed
using fixed channels given in Table I. All elements of the
input signal of the equalizer yw are shown in a scatterplot
in Fig. 6(a). It includes the impact of transmit filters as
well as the influence of the frequency selective channels.
Fig. 6(b) and Fig. 6(c) illustrates the equalizer output YEQ
of all symbols of one frame using NN = 1 or 2 neighbors,
respectively. In the ideal case (no noise, no interference) four
discrete constellations points are expected due to (17), where
the impact of the interference term should be small. Note that
the signals show still a residual impact of the interference,
Fig. 6(c) reduces this terms to smaller cluster of points than
Fig. 6(b). In Fig. 6(d) shows the output signal for NN = 1
on a time instance `′ = 1. Here, the red arrows depict

the hypotheses vS,Ad
(k′,`′)
A + vS,Bd

(k′,`′)
B without presence of

interference and noise, which are used to calculate the APPs
in (14). The cluster of points are still well located to the given
hypotheses, choosing one neighbor NN = 1.

Regarding bit error rate (BER) performance measurements
general channels are introduced, where a randomly cho-
sen H(τ, ν) is used. The maximum delay is restricted to
τmax = 0.08T and maximum Doppler shift to νmax = 0.08F.

TABLE I
CHANNEL REALIZATION USED IN FIG. 6

ι hA,ι hB,ι τι/(Ts/o) νι

0 −0.9111 + 0.1514j 0.0204 + 0.9703j 0 0
1 0.2560 + 0.2363j −0.0305 + 0.2272j 1 0
2 −0.1210− 0.0840j −0.0678− 0.0005j 2 0
3 −0.0427 + 0.0437j −0.0127 + 0.0249j 3 0
4 0.0104− 0.0062j 0.0091− 0.0109j 4 0
5 0.0011− 0.0045j −0.0001− 0.0031j 5 0

Fig. 7 shows the overall performance of the different schemes
with a Gaussian transmit and receive filter considering an
equalizer using the reduced matrices Ṽi with different numbers
of neighbors NN in comparison to the use of the full matrix
Vi. Obviously, the detection/decoding scheme G-JCNC outper-
forms the other both schemes SCD and JCNC significantly.
The G-JCNC is known as exploiting the full channel gain
from the observations. Also, separate channel decoding (SCD)
outperforms the JCNC approach by around 2.5dB. Here fading
channels are assumed, which result in possible combination at
the equalizer output given (17) with different vS,A 6= vS,B.

The performances difference of the decoding schemes re-
garding different receive window sizes is rather small. Thus,
almost no performance degradation is obtained by choosing 1,
2, or 3 neighbors. In the higher signal to noise ratio (SNR)
region the performance is limited by the interference power,
but the equalizer treat these interference terms sufficiently for
either 1,2 or 3 neighbors, so that overall no difference is dis-
tinguishable, besides the complexity is significantly reduced.
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Fig. 7. BER performance at the relay of SCD, JCNC and G-JCNC using
Gaussian transmit and receive filter, including the effect of delay and Doppler.
τi < τmax = 0.08T , |νi| < νmax = 0.08F .

IV. CONCLUSION

In this paper, a first analyses on using Generalized FDM
systems with Gaussian filters in a two way relay channel with
physical-layer network coding was done. A linear equalizer
which treats interference of the Gaussian transmit and receive
filters was introduced and analyzed. The equalizer was simpli-
fied to consider a sufficient small number of adjacent symbols
in the time-frequency grid. It was shown, that the output of the
simplified equalizer is sufficient to calculate the a-posteriori
probabilities, which are used in the detection/decoding pro-



cess. Finally, a bit error rate performance evaluation was done
and analyzed for three different detection/decoding schemes.
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