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Abstract— Multi-carrier transmission schemes with general
non-orthogonal waveforms provide a flexible time-frequency
resource allocation and are bandwidth efficient. However,
the interference inherently introduced by the non-orthogonal
waveforms always requires a higher order equalizer at the
receiver. Depending on the localization properties of the applied
waveform, the structure and the complexity of this equalizer is
adapted to consider channel influences, like carrier frequency
and timing offsets. Especially for two-phase two-way relaying
channels (TWRCs), where two users simultaneously transmit
data on the same resources, a robust transmission scheme in
presence of practical constraints such as asynchronicity is of
utmost importance. This paper focuses on the utilization of
general multi-carrier transmission schemes applied to TWRCs
and the utilization of factor graph-based equalizers (FGEs) at the
relay in order to mitigate the impacts of the physical channels,
offsets, and the non-orthogonal waveforms. In combination with
the subsequent physical-layer network coding detection/decoding
scheme, this combination allows for a flexible design of the
waveforms and the FGE to meet the complexity-performance
trade-off at the relay. As demonstrated by numerical evaluation
results, the proposed multi-carrier scheme with well-localized
waveforms utilizing FGEs outperforms orthogonal frequency
division multiplexing in TWRC for a wide range of practical
impacts.

Index Terms— Multi-carrier, general waveform, two-way relay-
ing channels, factor graph-based equalizer.

I. INTRODUCTION

USER cooperation in wireless communications enhances
system performance and reliability and extends coverage.

Specifically, in TWRCs in which a number of users wants to
exchange information via an assisting relay, the communica-
tion overhead can be reduced by bidirectional relaying in two
phases [2]–[4]. Within this article, we consider TWRCs and a
pair of users with no direct link transmitting simultaneously
to the relay in the multiple access (MA) phase. The resulting
multi-user interference (MUI) at the relay can be exploited
by interpreting the superposition of the user messages by
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means of physical-layer network coding (PLNC). The relay
has the task of estimating the bit-level eXclusive OR (XOR)
combination of the underlying information bits and broadcasts
this PLNC-based relay message to the users. As the users
are aware of their own information, they can extract the
useful information from relay message. The most critical part
of such a communication system is the estimation of the
relay message based on the superimposed user messages in
the MA phase. Several PLNC approaches, which combines
detection and decoding such as separate channel decoding
(SCD) [2], joint channel decoding and physical-layer network
coding (JCNC) [2], [3] and generalized-JCNC (G-JCNC) [5]
have been proposed in the literature for estimating the relay
message in single-carrier (SC) transmissions over frequency
flat channels.

For frequency-selective TWRCs and SC transmission, a lin-
ear equalization approach for mitigating the introduced inter-
symbol interference (ISI) while exploiting the MUI has been
proposed in [6]. A frequently applied alternative to reduce
the receiver complexity for frequency-selective channels is
the filter bank multi-carrier (FBMC) transmission scheme
cyclic prefix (CP)-orthogonal frequency-division multiplexing
(CP-OFDM) In synchronous systems, it allows for simple
1-tap equalization at a reduced bandwidth efficiency by the
expense of a CP. Consequently, the utilization of CP-OFDM
for TWRC has been analyzed intensively (e.g., [7], [8]).
However, as indicated by theoretical investigations [9]
and demonstrated by corresponding hardware implementa-
tions [10], [11] this CP-OFDM-TWRC system is very sen-
sitive to node asynchronicity like carrier frequency offsets
(CFOs) or timing offsets (TOs) resulting in ISI and inter-
carrier interference (ICI). For point-to-point (P2P) transmis-
sions, these impacts could be estimated and pre-compensated
at the receiver such that a simple 1-tap frequency domain
equalizer is still sufficient. In contrast, in TWRC these impacts
cannot be resolved individually at the relay, but only an
average compensation is possible and a simple 1-tap equalizer
would lead to severe performance degradation [10]–[12].

Apart from cooperative communication, the need for a
higher number of devices motivated the discussion of new
waveform candidates for the 5th generation (5G) mobile com-
munication system [13], [14]. In particular, these systems
should offer better spectral shapes, flexible time-frequency
(TF) resource allocations [15], and a higher robustness against
practical impairments (e.g., TO, CFO). To improve the robust-
ness for P2P transmissions over doubly-dispersive channels,
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the use of FBMC transmission schemes applying general
non-orthogonal well-localized waveforms with concentrated
energy in frequency and time domain was proposed in [16].
Despite their non-orthogonal nature, the inherently introduced
interference terms change only marginally under TO and
CFO in contrast to CP-OFDM systems employing rectangu-
lar waveforms. Thus, the equalizer structure at the destina-
tion remains almost unchanged under more severe channel
conditions.

Due to their robust characteristics under offsets, the
utilization of FBMC transmission schemes with well-localized
waveforms for TWRC was proposed by the authors in [17] and
a linear equalizer based on [6] has been derived to deal with
the resulting interference. In particular, the good localization
property of the Gaussian waveform offers a reduction in the
window size of the linear equalizer [18]. Further performance
improvements have been demonstrated in [19] by the applica-
tion of a soft interference cancellation algorithm. These results
were summarized and extended by an analysis w.r.t. changing
TF grid spacings in [20] establishing a framework for jointly
designing the waveform and the equalizer.

Over the past decades, factor graphs (FGs) and the under-
lying message passing algorithm have been used intensively
for a variety of applications like error correction coding,
Kalman filtering, and iterative detection [21]–[23]. For SC
transmission over time-invariant channels, factor graph-based
equalizers (FGEs) have been discussed in [24]–[28], and
extended for time-variant channels in [29]. Further exten-
sions for multiple input multiple output (MIMO) antenna
systems [30]–[32], single input single output (SISO)-
orthogonal frequency division multiplexing (OFDM) with
time-variant channels [33] and MIMO-OFDM [34], [35]
indicated the excellent performance of FG-based detec-
tion/equalization similar to the corresponding optimal algo-
rithms (even if the FGs have a small girth due to the present
ISI or ICI [31]). First applications of an FGE for SC-TWRC
have been proposed for the time and phase asynchronous
case in [36] and for CP-OFDM modulated TWRC with time-
variant (doubly-dispersive) channels in [37], [38].

The combination of general robust waveforms for FBMC
transmissions and the adaptive design of the FGE for a P2P
transmission was first proposed by the authors in [1]. It offers
a joint design of the general FBMC transmission and the
equalizer leading to improved performance for a broad range
of offsets. As the complexity of the message passing algorithm
is mainly controlled by the number of connections in the
FG, the performance-complexity trade-off can be regulated by
adjusting the parameters of the general (i.e., non-orthogonal)
waveform. Thus, the FGE can iteratively deal with the “well-
localized” influences of the waveform in the equalization step.
In addition to P2P transmission, the authors have also pre-
sented first ideas and results for the joint application of general
FBMC and FGE for TWRC in [1]. A detailed discussion of the
TWRC-related aspects with the following main contributions
is provided:

• The focus of this work is the design of an FGE for PLNC
schemes interacting with FBMC transmission schemes
applying general waveforms within two-phase TWRC.

This design offers an adaptive and flexible frame-
work which gets elaborated especially under channel
impairments.

• We provide a comprehensive description of the over-
all system model as an FG including the equalizer,
the demodulator, and the decoder.

• An interference analysis w.r.t. timing and frequency off-
sets in terms of the interference power is provided and
the FBMC system with quadrature amplitude modulation
(QAM) or offset-QAM (OQAM) symbol mapping is
compared to the state-of-the-art CP-OFDM.

This paper is organized as follows: Due to the multi-
dimensional nature of the problem of transmission and detec-
tion, we start with a brief overview of the two-phase TWRC
communication and the PLNC approaches used in this work
in Section II. Section III introduces the system model of the
MA phase in matrix description and discusses the mapping
of the information bits to the physical resources by applying
general FBMC schemes. Here, we first focus on the general
properties of the FBMC schemes within a single P2P trans-
mission w.r.t. interference terms introduced by TO and CFO.
A deeper interference analysis by the extension to TWRCs is
provided in Section IV. It is shown that for a wide range of
offsets most of the interference terms are concentrated on the
neighboring sub-carriers and time-symbols for general non-
orthogonal waveforms. Thus, compared to CP-OFDM, only
a few number of interference terms have to be considered
to collect the useful power at the destination. As discussed
in Section V, the FGE needs to be adapted for the chosen
PLNC scheme. To this end, we introduce the message passing
procedure, outline the calculation of the messages, and discuss
the required modifications to meet the implications of the
PLNC detection/decoding. Finally, the performance analysis
in terms of frame error rates (FERs) at the relay is discussed
in Section VI, before Section VII concludes the article.1

II. TWRC OVERVIEW

We consider a two-phase TWRC, where two users A and B
want to exchange data with each other by the help of an
assisting relay R located between both entities. Within the
first phase (MA phase), both users u ∈ {A, B} encode with a
linear forward error correction (FEC) encoder C and map their
information messages bu to the physical resources xu(t) and
transmit simultaneously to the relay, where t denotes the time.
At the relay, the noisy superposition yR(t) of both transmit
signals convolved with their time-variant multi-path channels
wu(τ, t) is achieved

yR(t) = wA(τ, t) ∗ xA(t) + wB(τ, t) ∗ xB(t) + n(t) , (1)

in which n(t) is the additive white Gaussian noise (AWGN)
and τ denotes the delay. This transmission is also illustrated
in Fig. 1 as TWRC block.

1The following notations are applied in this work: Scalars, column vectors,
and matrices are denoted by small characters a, small bold characters a, and
capital bold characters A, respectively. The real and imaginary part operators
are given by Re {·} and Im {·}. A probability density function (PDF) is given
by p(·) and a probability mass function (PMF) by Pr{·}. Fn determines a
Galois Field of order n. A hard decision of a variable b is denoted by b̂.
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Fig. 1. System model of MA phase, TWRC and relay process chain to generate the relay message xR(t).

The task at the relay is the detection of a common relay
message, which is broadcast (BC) in the second phase to both
users. The received relay signal (1) can be seen as a PLNC
signal [2], [3] and the relay message bR is generated by the
XOR combination of the individual messages bR = bA ⊕ bB.
Other network coding combinations are possible as well and
discussed in [39]. The relay message bR is mapped to the
signal xR(t) and broadcast to both users. The user A estimates
b̂R and is able to extract the signal from user B by performing
self-interference cancellation b̂B = b̂R ⊕bA. Similarly, user B
extracts the useful information by b̂A = b̂R⊕bB by its estimate
of the relay message b̂R. The major challenge is the generation
of the relay message bR based on the superposition (1) in the
MA phase at the relay. Contrarily, the transmission in the BC
phase can be seen as two P2P transmissions from the relay to
each user. Consequently, the analysis in this paper is restricted
to the MA phase utilizing alternatively one of the three PLNC
approaches:

• In separate channel decoding (SCD) each user message
b̂u is estimated separately at the relay, treating the other
user as interference [5]. The relay message is achieved
by performing the XOR combination of these estimates
afterward by bR = b̂A ⊕ b̂B.

• In contrast, joint channel decoding and physical-layer
network coding (JCNC) directly estimates the relay mes-
sage bR by exploiting the linearity of the applied channel
code C [2].

• Furthermore, generalized-JCNC (G-JCNC) is an exten-
sion of JCNC interpreting the messages of both users
as a joint information message tuple bAB and uses a
non-binary decoder [5], [7]. This scheme offers the best
performance by the utilization of the fully available
underlying information. The message for the BC phase
is generated by simply mapping the estimated tuple b̂AB

to the relay message bR.
Under mild channel conditions like time-invariant chan-
nels with short delay spread, these detection/decoding
schemes exhibit good performance in combination with
CP-OFDM [10], [11], [40], [41]. However, channels with large
TOs or time-variant channels yield degraded performance at
the relay due to the huge amount of interference which cannot
be compensated individually at the relay. General FBMC
schemes applying non-orthogonal waveforms with good local-
ization properties in time and frequency domain are able to
offer better performance under severe channel conditions in
TWRC [20]. Thus, we introduce the general system model of

different FBMC schemes and discuss the impact of TO and
CFO in the MA phase on a TWRC, subsequently. Afterward,
we discuss the details of the combination of PLNC detection
and FGEs.

III. MULTI-CARRIER TRANSMISSION IN

MULTIPLE ACCESS PHASE

A. System Model

Fig. 1 shows the detailed system model for the FBMC
transmission of two users to the relay in the MA phase. The
users and the relay are equipped with one antenna and all
nodes are restricted to the half-duplex constraint. Each user
u ∈ {A, B} encodes its binary information sequence bu ∈ F

Nb
2

of length Nb with a linear encoding scheme to the codeword
cu = C (bu) ∈ F

Nc
2 of length Nc . In this work, we apply

low-density parity check (LDPC) codes as they show a good
performance and can be efficiently decoded based on FGs.
After modulation with an M-QAM mapper M (or M-OQAM,
which will be introduced and discussed in Section III-C)
and serial-to-parallel (S/P) conversion, the symbol matrix Du ∈
C

NSC×NTS is generated, where NSC is the number of sub-
carriers and NTS is the number of time symbols used in one
frame transmission. The FBMC block maps the symbol matrix
Du to the physical transmit signal xu(t). To this end, each
element du

k,� of Du is shifted to a point in the TF grid by a
bank of transmitting filters

gTx
k,�(t) = g(t − �T0)e

j2π(kF0)t , (2)

in which the prototype waveform filter g(t) is shifted by
multiples of the symbol spacing T0 and the sub-carrier spacing
F0 to the corresponding time-frequency (TF) point (k, �)
resulting in a rectangular grid as illustrated in Fig. 2a [42].

After transmitting the signals xu(t) over the analog wireless
physical channels wu(τ, t) to the relay, a bank of matched
filters gRx(t) = gTx∗

(−t) is applied to the received relay
signal (1) and sampled such that a discrete receive signal
matrix YR ∈ C

NSC×NTS is obtained. After parallel-to-serial
(P/S) conversion, the overall transmission is described by the
linear superposition of both users in matrix notation

yR = HAdA + HBdB + ñR, (3)

where ñR ∈ C
NSC NTS×1 contains noise samples modeled by

Nc
�
0, σ 2

n

�
. The P/S conversion corresponds to stacking the

columns of matrix YR into a vector yR ∈ C
NSC NTS×1 and

is described by the vectorization operator yR = vec
�
YR

�
.
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Fig. 2. TF grids a) QAM-based: Rectangular TF grid with sub-carrier spacing
k F0 and time spacing �T0 with complex symbols denoted by filled circles,
b) OQAM-based: Two hexagonal TF grids with real data denoted by black
filled squares and purely imaginary data by white filled squares [43].

Similarly, the data symbol vectors du = vec
�
Du

�
are gener-

ated. The effective channel matrix Hu ∈ C
NSC NTS×NSC NTS per

user u ∈ {A, B} depends on the physical channel wu(τ, t)
and the used FBMC transmission scheme. For further details
about different FBMC schemes, the reader is referred to the
survey [42]. In this work, we concentrate on general FBMC
schemes which are mainly classified by the choice of the
Tx/Rx waveforms, the mapping scheme M , and the density
δTF of the symbol-spacing in time and frequency (the TF grid
density). The density δTF of a rectangular grid is given by
δTF = 1/(F0T0). Three different cases are known: 1) oversam-
pled: δTF > 1, this TF grid is too dense, such that no orthog-
onal transmission is possible, 2) critical sampled: δTF = 1,
where an orthogonal system can only be achieved with filters
of infinite shape (ill-conditioned), e.g. the rectangular wave-
form in time domain with sinc shape in frequency domain,
and 3) undersampled: δTF < 1, an orthogonal transmission is
possible with well-localized filters [42]. For the Tx/Rx filters,
we concentrate on the time-limited rectangular waveform,
the frequency-limited half-cosine, and the Gaussian waveform.
The latter one is not limited, but “well-localized”, i.e., with
concentrated energy in time and frequency domain. In this
article, we focus on seven different QAM and OQAM-based
FBMC transmission schemes with critical and under-sampled
TF grids and compare non-orthogonal with orthogonal trans-
mission schemes, which are listed in Tab. I and get introduced
in the following subsections.

The elements hu
r,s of the effective channel matrix Hu are

given by (4), as shown at the bottom of this page, with
parameters given in Tab. I and the system-dependent TF grid
spacing parameter T � and symbol phase parameter φ. Please
note that to simplify the notation, we introduce sending index
s = k + �NSC and the receiving index r = k � + ��NSC for the
matrix elements hu

r,s , where (k, �) specifies a distinct point
in the TF grid at the transmit (Tx) side and

�
k �, ��� are the

TABLE I

FBMC TRANSMISSION SCHEMES

TF grid points at the relay. Hence, the effective channel
coefficient hu

r,s reflects the crosstalk from symbol du
s = du

k,�

onto observation yR
r = yR

k�,�� . It is worth noting that the
effective channel coefficients hu

r,s depend on the delay-Doppler
function W u(τ, ν), which is given by the Fourier transform
w.r.t. time t of the wireless channel wu(τ, t). Here, ν denotes
the Doppler domain. Subsequently, we distinguish between
constant shifts like TO 	τ and CFO 	ν and variable shifts
like delay spread τ and Doppler spread ν specified by the
corresponding PDFs. Furthermore, the coefficients hu

r,s depend
on the cross-ambiguity function

AgTx,gRx(τ, ν) =
∞�

−∞
gTx

�
t − τ

2

�
gRx∗�t + τ

2

�
e− j2πνdt, (5)

describing the properties of the used Tx/Rx filters [17], [44].
The ambiguity function describes the behavior of a waveform
for specific time shifts τ and frequency shifts ν, which
occurs in transmissions over doubly-dispersive channels. It can
be interpreted as the instantaneous Fourier transform of the
convolution of the Tx and the Rx filters.

We rewrite the received signal (3) in scalar form per
received symbol yR

r into the sum of three parts

yR
r = hA

r,r dA
r + hB

r,r dB
r	 
� �

➀ PLNC signal

+


s �=r

�
hA

r,sdA
s + hB

r,sdB
s

�

	 
� �
➁ mutual interference

+ ñR
r	
��

➂ noise

.

(6)

These three parts contain the desired superposition ➀ called
PLNC signal, the mutual interference ➁ depending on the
channel and the chosen FBMC scheme, and the noise term ➂.

Subsequently, we present the FBMC schemes and provide
a brief analysis of the interference on one P2P link. The
interference analysis for the considered TWRC is discussed
in Section IV.

B. QAM-Based Multi-Carrier Schemes

In this subsection, we introduce the QAM-based multi-
carrier schemes. We start with the well-known orthogonal

hu
r,s =

��
W u(τ, ν)	 
� �

delay-Doppler function

e−2 jπ(kF0τ+(F0(k�−k)−ν)( 1
2 ((��+�)T �+τ ))) · A∗�T ��� − ��� + τ, F0

�
k − k �� + ν

�
e jφ

	 
� �
Tx/Rx waveforms

dνdτ (4)
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Fig. 3. Ambiguity function for rectangular Tx/Rx filters by additionally
implementing a guard interval of length TG = 0.2T at the Tx side. This
waveform is applied in CP-OFDM. The projections of A(τ = 0, ν) at the
time shift τ -plane and A(τ, ν = 0) at the frequency shift ν-plane are shown,
respectively.

CP-OFDM applying the rectangular waveform before we
introduce the non-orthogonal counterpart, i.e. QAM/FBMC,
applying waveforms with a better spectral shape.

1) Orthogonal Transmission: The well-known OFDM is a
special case of QAM-based FBMC applying the time-limited
rectangular waveform

g(t) =
⎧
⎨

⎩
1/

√
T |t| ≤ T

2
+ TG

2
0 else,

(7)

as Tx filter with core symbol duration T and guard interval
length TG. In frequency domain, this Tx filter shows an
infinite shape with sinc( f ) = sin( f )/ f , where f denotes the
frequency. An orthogonal transmission is only achieved by
placing the neighboring sub-carriers onto the zero-crossings of
the sinc function, which are multiples of the reciprocal value of
the symbol duration F0 = 1/T. OFDM with a density δTF = 1
is achieved for the special case of a guard interval length
TG = 0. However, in order to reduce the impact of multi-path
fading TG > 0 is required. With the common implementation
as cyclic prefix (CP), the well-known CP-OFDM is realized.
Please note that the application of a CP expands the TF
grid spacing T � = T0 = T + TG by the guard interval length
TG and leads to a reduced density δTF = T

T+TG
< 1 with

reduced spectral efficiency. One may note that TG = 0 is used
for the receive (Rx) filter gRx(t). The ambiguity function of
the rectangular Tx/Rx filters (7) with TG = 0.2T is shown
in Fig. 3. The projection of a cut of the ambiguity function
A(τ = 0, ν) is drawn at the frequency shift ν-plane. This
can be interpreted as the Fourier transform of the Tx/Rx
filters and exhibits the sinc(ν) shape typical for rectangular
filters. Cutting the ambiguity function A(τ, ν = 0) equals the
convolution of the Tx and Rx filters in time domain.

In Fig. 3 the multiples of the sub-carrier and symbol spacing
are depicted by lines on the surface of the ambiguity function.

Fig. 4. Illustration of the amplitudes of the effective channel matrix
with a) OFDM / CP-OFDM w/o offsets (	ν = 0, 	τ = 0), b) OFDM
w/ offsets (	ν = 0.2F0,	τ = 0.2T), and c) CP-OFDM w/ offsets. The
amplitudes of QAM/FBMC are depicted for the Gaussian waveform w/o
offsets in d), and with offsets in e), and for the half-cosine waveform in w/o
offsets in f), and w/ offsets in g). Only the first 64x64 elements are shown.

The sampling points (k, �) of the TF grid matches to the
corresponding crossing points. If the orthogonality condition

A(k F0, �(T + TG) + τ ) =
⎧
⎨

⎩
1 k = 0, � = 0, |τ | ≤ TG

2
0 else

(8)

is fulfilled, the Tx/Rx filters allow an orthogonal transmis-
sion, and thus, no self-interference terms are present on the
neighboring TF grid points. Without a guard interval (TG = 0)
we would achieve a triangular shape for the convolution in
A(τ, ν = 0). However, in Fig. 3 the ambiguity function is
stretched in time domain due to the guard interval (TG > 0),
such that a flat plateau of length TG is generated around τ = 0.
This stretching allows a time delay with a maximum spread
τmax ≤ TG resulting still in an orthogonal transmission under
time-invariant multi-path fading. Nevertheless, by a small shift
of the TF grid due to TO or CFO, the transmission will not be
orthogonal anymore and many interference terms will appear
in the TF grid.

In the first row of Fig. 4 the amplitudes of the effective
channel matrix

�
�Hu

�
� for OFDM (TG = 0) and CP-OFDM

(TG = 0.2T) under different channel conditions for only one
user u are depicted. Without TO and CFO, i.e. 	τ = 0 and
CFO 	ν = 0, a pure diagonal structure for

�
�Hu

�
� results for

OFDM and CP-OFDM such that simple 1-tap equalization is
sufficient. It can be observed that the structure of the effective
channel matrix

�
�Hu

�
� drastically changes in Fig. 4b for OFDM

and Fig. 4c for CP-OFDM under exemplary offset conditions
of CFO 	ν = 0.2F0 and TO 	τ = 0.2T leading to many
off-diagonal elements. OFDM suffers from ISI and ICI caused
by both offsets, whereas the CP-based scheme only suffers
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Fig. 5. Ambiguity function for Gaussian Tx/Rx filter with the localization
parameter ρ = 1. The TF grid parameter is F0 = 1/T0.

from ICI due to the robustness against TO, while TG ≥ 	τ .
Nonetheless, with the presence of delay spreads larger than
TG or frequency shifts 	ν �= 0, the orthogonality is lost and
a huge amount of interference will affect the transmission for
OFDM and CP-OFDM.

2) Non-Orthogonal Transmission: FBMC schemes apply-
ing QAM mapping with general waveform, known as
QAM/FBMC or sometimes generalized FDM (GFDM), are
discussed in [44]–[47]. In contrast to CP-OFDM and OFDM,
where the rectangular filter directly determines the TF grid,
the application of general waveforms in QAM/FBMC offers
a more flexible design in terms of TF grid density [15], [20].
The use of well-localized waveforms is more robust under
practical constraints [20], [42], [44] and leads also to lower
out-of-band (OoB) radiation. FBMC with Gaussian waveform

g(t) = (2ρ)
1
4 e−πρt2

(9)

with localization parameter ρ ∈ [0,∞) adjusting the shape
in time and frequency domain and the half-cosine waveform
(which is a special case of the root-raised cosine filter with
roll-off-factor one)

g(t) = 4 cos(2π t/T0)

π
�
1 −(4t/T0)

2� (10)

will always introduce interference terms on the adjacent TF
grid points. Especially, a TF grid density close to δTF = 1
yields a non-orthogonal transmission [15], [20], but offers a
higher spectral efficiency than CP-OFDM. For example, Fig. 5
shows the ambiguity function of the Gaussian waveform with
localization parameter ρ = 1 leading to the same shape in time
and frequency domain. It can be observed that each transmit
signal has a considerable influence on the direct neighbors
in the TF grid around the desired sampling point at (0, 0).
However, TF grid points of larger distance to the origin are
almost unaffected in case of an offset shift of the TF grid.

The amplitudes of the effective channel matrix
�
�Hu

�
� of the

non-orthogonal schemes for one user are illustrated for the

half-cosine waveform and the Gaussian waveform in the lower
plots of Fig. 4. Without any offset (	τ = 0 and 	ν = 0),
the frequency-limited half-cosine offers an ICI-free transmis-
sion but suffers from ISI (see Fig. 4d). Contrarily, the well-
localized Gaussian waveform introduces self-interference in
both domains (ISI and ICI) as demonstrated in Fig. 4f. Both
waveforms always inherently introduce interference terms, but
the spread is mainly localized around the desired symbols.
Even with TO and CFO the amplitude of the non-diagonal
elements

�
�Hu

�
� changes only marginally as shown exemplarily

for 	τ = 0.2T and 	ν = 0.2F0 in Fig. 4e and Fig. 4g. This
implies the robustness towards frequency and timing shifts
and offers equalization techniques with marginally changing
complexity at the receiver side.

C. OQAM-Based Schemes

In order to circumvent the drawback of QAM/FBMC that
only waveforms with infinite shape yield an orthogonal trans-
mission with a TF grid density δTF = 1, the combination
of OQAM-based FBMC and so-called TF staggering can
be used [43], [48]. Here, some well-localized and even-
symmetric waveforms can achieve an orthogonal transmission
with a critical-sampled TF grid. TF staggering stands for
the use of two, but shifted, hexagonal TF grids yielding the
overall TF grid depicted in Fig. 2b. One TF grid carries
the real-valued symbol matrix Re

�
Du

�
and the other TF

grid the imaginary part Im
�
Du�

, this is realized by the
application of OQAM symbol mapping and the symbol phase
parameter φ in Tab. I. One may note that the orthogonality
condition changes from complex orthogonality (in orthogonal
QAM-based schemes) to real-valued orthogonality [14], [42].
The OQAM-based FBMC transmission scheme achieves
orthogonality only by applying the real part operator at the
receiver after match filtering and equalization, i.e., the interfer-
ence part is purely imaginary. Both hexagonal TF grids have
the same density (δTF = 1) but carry just “half a portion”
of the symbols, leading to the same bandwidth efficiency
as the QAM counterpart. However, only some filters allow
an orthogonal transmission, e.g., the rectangular waveform
with an infinite shape in the frequency domain, the isotropic
orthogonal transform algorithm (IOTA) [16], or the PHYDYAS
filter [49]. The latter two filters offer a better spectral shape in
comparison to the rectangular shape. In this work, we consider
three OQAM-based schemes in Tab. I. Throughout this article,
orthogonal OQAM-based schemes are called OQAM/OFDM
(OQAM/OFDM), whereas non-orthogonal schemes are named
OQAM/FBMC (OQAM/FBMC) achieving also a reduced
amount of interference due to the TF staggering.

IV. INTERFERENCE ANALYSIS OF FBMC IN TWRC

We have seen in Fig. 4 that TOs and CFOs affect the
effective channel matrix

�
�Hu

�
� of the transmission schemes

differently. The range of offsets in practical systems depends
mainly on the technical precision of oscillators, the carrier
frequency, the symbol rate, the relative velocity of the ter-
minals and other issues like scattering and shadowing. Thus,
to achieve comparable results, the subsequent analysis is done
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w.r.t. relative offsets normalized to the sub-carrier spacing
F0 and the core symbol length T of the rectangular filter.
The impact of synchronization errors has been generally
studied for OFDM beyond others in [50]–[52] and for general
FBMC transmissions in [53]. Contrarily to P2P transmissions,
the impacts of individual offsets in TWRC cannot be resolved
individually at the relay [9], [11]. Even if the channel state
information of both users are perfectly known, a complete
compensation is impossible and, therefore, interference terms
➁ in (6) are not vanishing.

Subsequently, we will address the following questions: How
is the useful power of one symbol spread over the Rx-TF
grid and is it sufficient to focus on a limited number of
neighboring TF grid points? The answer to this question
is important for the design and the complexity of the FGE
in Section V. Therefore, we analyze the influence of the
introduced interference on the neighboring TF grid points at
the relay with normalized signal power (i.e., symbol variance
σ 2

d = 1). Only one arbitrary but fixed symbol du
s per user at

sending Tx-TF grid point (k, �) with corresponding sending
index s = k + �NSC transmits to the relay. The useful power

PQAM
NN

=


r∈DA
N,s

��
�hA

r,s

��
�
2 +



r∈DB
N,s

��
�hB

r,s

��
�
2

(11)

considers the signal power at NN Rx-TF-grid points for QAM-
based schemes, where Du

N,s is a user-specific set of receive
indices r according to the NN largest amplitudes squared�
�hu

r,s

�
�2

for a given transmit index s. The OQAM-based FBMC
transmission scheme achieves only orthogonality by applying
the real part operator on the relay received signal yR,OQAM

r =
Re

�
yR

r

�
in (6) [54]. Hence, the useful power is defined as

POQAM
NN

=


r∈DA
N,s

Re
�

hA
r,s

�2 +


r∈DB
N,s

Re
�

hB
r,s

�2
, (12)

where the sets Du
N,s are generated according to the NN largest

real parts squared Re{hu
r,s}2. PTotal takes the overall available

power at the relay into account. The set Du
N,s can be interpreted

as the neighborhood of a symbol du
s with NN neighbors. We

further define the normalized power loss in logarithmic scale
as

γ (NN) = 10 log10

�
PTotal − PNN

PTotal

�
, (13)

giving the amount of signal power ignored by considering only
NN samples.

For the analysis of the seven different FBMC schemes in
Tab. I, we assume a TWRC model with channel coefficients
hu

r,s given by (4). A TO 	τu and a CFO 	νu are present in the
user-specific channels. We focus on symmetric compensation
of all effects and, thus, an average compensation [11] is
applied yielding 	τB = −	τA for the TO and 	νB = −	νA

for the CFO, and a symmetric phase difference φAB.
Fig. 6 shows the normalized loss γ (NN) for an increasing

number of neighbors NN = 1, 4, 7, 10, 13 of the seven FBMC
transmission schemes for varying TO 	τu, without phase
shift (φAB = 0) and without CFOs (	νu = 0). If no
TO is present, i.e. 	τu = 0, the normalized power loss

Fig. 6. Normalized loss for the QAM-based schemes (——) and OQAM-
based schemes (� � � � � � � � ��) in Tab. I with NN = 1, 4, 7, 10, 13 considered
neighbors applying TWRC, varying normalized TO 	τA/T, without CFO
	νA = 0 and without phase difference φAB = 0.

Fig. 7. Normalized loss for the QAM-based schemes (——) and OQAM-
based schemes (� � � � � � � � ��), varying the normalized CFO 	νA/F0, with
phase difference φAB = π/2, NN = 1, 4, 7, 10, 13 without TO 	τA = 0.

γ (NN) already vanishes for the orthogonal schemes if only
one neighbor NN = 1 is considered. In contrast, for non-
orthogonal FBMC all neighbors and, thus, the total power
PTotal is required to achieve a completely vanishing power
loss γ (NN). As expected, the orthogonal CP-OFDM scheme
does not suffer from a power loss as long as the TO is within
the guard interval length TG. In general, all schemes suffer
from spreading over the TF grid with the presence of TO
and the normalized loss γ (NN) decreases by collecting more
neighbors NN. In the asynchronous case, the half-cosine and
the Gaussian waveform require only a few neighbors NN to
achieve a lower loss over a wide range of offsets than the
rectangular waveform in OFDM The OQAM-based schemes
outperform the corresponding QAM schemes due to the better
separation in the TF grid and the reduced interference power
in the imaginary domain if no phase difference φAB occurs
between the users.

Fig. 7 shows the normalized loss γ (NN) for varying CFO
	νu without a TO (	τu = 0). Contrary to the setup in Fig. 6,
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Fig. 8. Normalized loss applying TWRC with QAM-based (——) and
OQAM-based (����������) FBMC schemes. Fixed TO 	τA = 0.05T and fixed
CFO 	νA = 0.05F0. Varying φAB = 0, 1

9 · π
2 , 5

9 · π
2 , π/2 over the number

of neighbors NN.

a symmetric phase shift of φAB = π/2 between the users is
assumed. This phase shift destroys the real-valued orthog-
onality of OQAM/OFDM and the reduced interference of
OQAM/FBMC (i.e. Re {➁} � 0). Correspondingly, a huge
degradation in γ (NN) can be observed. Hence, the OQAM-
based schemes introduce a high spread of the useful power
in the TF grid. Although this scheme is orthogonal in a P2P
transmission, in TWRC a high number of neighbors would be
required (in the FGE in Section V) to collect the same amount
of power as the QAM-based counterparts.

Finally, Fig. 8 indicates the behavior on the different FBMC
schemes for a different number of neighbors NN with varying
phase shift φAB and fixed TO and CFO (	τA = 0.05T and
	νA = 0.05F0). Generally, the more neighbors used, the lower
the loss γ (NN). The lowest loss is achieved by the Gaussian
waveform in both mapping schemes for a given NN > 1
due to the good localization properties (also indicated by the
ambiguity function in Fig. 5). It can further be observed that
the QAM schemes are independent of the phase shift φAB

leading to indistinguishable curves. In contrast, the OQAM
schemes only achieve a low loss with phases shifts φAB

close to zero. In contrast to P2P setups, the sensitivity to the
unresolvable phase shifts in TWRCs concludes that OQAM-
based schemes are not well suited with just one antenna at
the relay. Thus, we focus on the QAM-based schemes for
the further analysis, only. Nevertheless, we refer to [54] for a
deeper analysis of OQAM/FBMC in a TWRC setup.

V. DETECTION AND DECODING

In this section, we consider the three aforementioned PLNC
detection/decoding schemes SCD, JCNC and G-JCNC to
generate the BC message bR. In several publications [5],
[7], [11], [41], it was shown that for the interference-free
case, the three aforementioned schemes work well. However,
the analysis in the previous section has shown that the famous
CP-OFDM suffers severely under offset conditions and spreads
the signal across a huge number of TF grid points at the relay.
In contrast, the FBMC schemes applying well-localized

Fig. 9. SCD factor graph for the transmission of users A and B to the relay
R. The part below the horizontal line consists of the equalizer part p(yR | du).

The PLNC function fSCD performs the tuple generation dAB =
�

dA, dB
�

and
marginalization.

waveforms used in QAM/FBMC introduce interference in a
more “localized way” among a wide range of TO and CFO. In
[1], we have proposed the use of an FGE, which is able to col-
lect the useful signal along the TF grid points. Its complexity
is mainly determined by the number of connections in the FG
and it can be controlled by considering only the connections
between observations and symbols with large channel coeffi-
cients

�
�hr,s

�
�. Dependent on the PLNC approach, the FGE have

to deliver different signal quantities to the detection/decoding
entity. Furthermore, to improve the overall performance the
output of the PLNC decoder is fed back to the FGE. Thus,
the design of the FGE depends also on the PLNC approach,
especially for the feedback message. To this end, we first
introduce the FGE for SCD in detail w.r.t. the PLNC approach
dependent implications. Afterward, we describe briefly the
main difference concerning the schemes JCNC and G-JCNC.

A. Separate Channel Decoding (SCD)

The obvious approach is to estimate the information
sequence bu for each user separately based on the received
signal yR and perform the XOR combination bR = b̂A ⊕ b̂B

based on the estimates b̂u, afterward. In this work, the max-
imum a-posteriori (MAP) detection for each information bit
bu
ζ , ζ = 0, . . . , Nb − 1 given by

b̂u
ζ = arg max

bu
ζ ∈F2

p(bu
ζ |yR) (14)

is used. A powerful method to solve the marginalization
needed in the MAP detection is given by the message passing
sum-product algorithm (SPA) working on FGs. According
to [23], the MAP detector (14) can be factorized into

b̂u
ζ = argmax

bu
ζ ∈F2

p(yR|du)
	 
� �

Equalizer

p(du|cu)
	 
� �

Demodulator

p(cu|bu
ζ )

	 
� �
Decoder

Pr{bu
ζ }

	 
� �
a priori

. (15)

The corresponding FG for SCD is shown in Fig. 9. Each
horizontal block corresponds to one part of the right-hand side



1220 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 17, NO. 2, FEBRUARY 2018

of (15), where rectangular blocks indicate factor nodes and
circles identify variable nodes. The exact implementation of
the demodulation and decoder block is not in the scope of this
paper. However, the application of LDPC codes are assumed
with efficient FG implementations for decoding [55]. Due to
the superposition of the symbols dA and dB in (3), the equal-
izer part in (15) can be further factorized to p(yR | du) =
p(yR | dA, dB) p(dA, dB | du). The fully factorized FG is illus-
trated in the lower part of Fig. 9 (separated by the dashed line).
The PDF p(yR | dA, dB) terms the relationship between the
observation yR with the superimposed symbols dA and dB. In
addition, the PDF p(dA, dB | du) connects the superimposed
symbols with the user-specific symbols du (illustrated as
function node fSCD in the FG).

1) Flexible Generation of the Factor Graph: The generation
of the FG for the equalizer part p(yR | dA, dB) is the main
focus of this work. In general, it can be described by the
complete adjacency matrix Acomplete,u [22], where each non-
zero coefficient hu

r,s �= 0 in the effective channel matrix Hu

leads to a coefficient acomplete,u
r,s = 1 in the adjacency matrix

and thus to an edge in the FG connecting a variable node du
s

with an observation node yR
r .

We have seen in Section IV that well-localized waveforms
spread their energy only to a limited number of neighbors
in the TF grid at the relay. Therefore, we have used sets
Du

N,s in (11) containing NN indices of the elements with the
highest impact on the transmission, indicated by the largest
amplitudes squared

��hu
r,s

��2. Based on these sets, we can now
define a reduced adjacency matrix Areduced,u determining only
the considered edges within the FG for user u ∈ {A, B}. The
elements of the reduced adjacency matrix are then given by

areduced,u
r,s =

�
1 if r ∈ Du

N,s

0 otherwise
. (16)

The complexity of the SPA working on the FG is mainly
influenced by the number of edges [1]. The number of con-
sidered neighbors NN is a trade-off parameter concerning the
computational complexity and the accuracy of the algorithm
later on. On the one hand, by setting NN = NSC NTS (yielding
the complete matrix Acomplete,u), even small amplitudes

�
�hu

r,s

�
�

lead to an edge in the FG. However, these connections will
only have a small impact on the overall performance at the
cost of a huge message exchange and calculation complexity.
On the other hand, the choice of a too small number of
considered neighbors NN will produce only some connections
within the FG, and thus, the complexity is reduced. However,
with a high number of interference terms ➁ in (6), which are
not considered in the FG, the accuracy of the FGE could be
degraded. Based on the (reduced) adjacency matrix Au also a
neighbor set Yr for the observations can be defined as

Yr =
�

s | aA
r,s = 1 ∨ aB

r,s = 1
�

(17)

providing the neighborhood w.r.t. the observations yR
r needed

for the messages in the SPA.
2) SPA and Messages in the FG: The SPA is a formal

description of exchanging messages on the edges between the
variables and factor nodes. Illustratively, the message flow of

Fig. 10. Illustration of the messages flow for one edge in the gray part of
the FG in Fig. 9. The cross terms are omitted for simplicity.

the SCD detection scheme is shown for only one connection
in the FG in Fig. 10, omitting the cross terms for simplicity.
To simplify the notation, we introduce the PLNC factor node
fSCD, generating the symbol tuple dAB

s = fSCD
�
dA

s , dB
s

� =
[dA

s dB
s ] with cardinality M2 for each sub-carrier k F0 and time

instance �T0.
a) Message from observation node to symbol tuple node:

The message between the observation factor node (connected
to yR

r ) and the variable tuple node dAB
s is calculated by

μyR
r →dAB

s

�
dAB

s

�

=


∼{dAB
s }

p(yR
r | dA, dB)

�

i∈Yr \{s}
μdAB

i →yR
r

�
dAB

i

�
(18)

where the term
�

∼{dAB
s } is a shorthand notation for summing

over all elements and realizations except the fixed realization
dAB

s connected in the FG to this node given by the adjacency
matrix [23]. The message (18) performs the marginalization
over the likelihood function

p(yR
r | dA, dB)

∝ exp

⎛

⎜
⎝− 1

σ̃ 2
n,r

�
�
�
��
�
yr −



s∈Yr

hA
r,s dA

s −


s∈Yr

hB
r,sdB

s

�
�
�
��
�

2
⎞

⎟
⎠. (19)

The noise term σ̃ 2
n,r = σ 2

n + σ 2
I,r combines the variance of the

AWGN and the power of the residual interference ignored
by generating the FG with the reduced adjacency matrix
Areduced,u �= Acomplete,u. The ignored connections are modeled
as an i.i.d. complex random variable with Gaussian distribution
Nc

�
0, σ 2

I,r

�
. The interference variance at each observation yR

r

is estimated by

σ 2
I,r =



i∈Yr

σ 2
d

�
��hA

r,i

�
��
2 + σ 2

d

�
��hB

r,i

�
��
2
, (20)

where the sum runs over all elements in the complement set
Yr = {1, . . . , NSC NTS} \Yr , i.e., all coefficients which are not
considered in the actual FG but with a non-vanishing channel
coefficient

�
�hu

r,s

�
� �= 0.
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b) Message from symbol tuple node to observation node:
The message from a variable tuple node dAB

s to a factor node
yR

r is the product of all incoming messages connected to this
variable node given by

μdAB
s →yR

r

�
dAB

s

�

= μPLNC→dAB
s

�
dAB

s

� �

i∈DN,s\{r}
μyR

i →dAB
s

�
dAB

s

�
. (21)

The current a priori message from the PLNC function node to
the variable tuple node in (21) is generated by

μPLNC→dAB
s

�
dAB

s

�
= μdA

s →PLNC

�
dA

s

�
· μdB

s →PLNC

�
dB

s

�
.

(22)

The multiplication of the independent user-specific a priori
messages coming back from PLNC detection/decoding part
to the corresponding variable μdu

s →PLNC
�
du

s

�
for all combina-

tions extends the message space (M → M2).
c) Message from symbol tuple node to PLNC fac-

tor node: To generate the message of the variable tuple
to the PLNC function fSCD, all incoming messages are
considered by

μdAB
s →PLNC

�
dAB

s

�
=

�

i∈DN,s

μyR
i →dAB

s

�
dAB

s

�
. (23)

d) Message from PLNC factor node to the demodulator
node: As mentioned before, the message on the right-hand-
side in (23) contains the information of users A and B and,
thus, it is of cardinality M2. The message of a specific
symbol dA

s to the demodulator of user A is generated by the
marginalization (M2 → M) of the corresponding symbols of
user B by

μdA
s →Dem.A(M (čA b2d= κ))

=


čB

μdAB
s →PLNC((M (čA b2d= κ), M (čB))), (24)

treating the other user as interference. Here, the mapping

dA
s = M (čA b2d= κ) with “

b2d= ” is used as bijective mapping
of a binary code vector ču containing log2(M) pertinent code
bits to the corresponding decimal index κ = 0, . . . , M −1 out
of M different symbols dA

s . The message μdB
s →Dem.B for user

B is calculated analogously.
e) Message passing: sum-product algorithm for the

equalizer: The procedure of the SPA for the FGE is sum-
marized in Alg. 1. The FG is initialized by the adjacency
matrices AA and AB from (16). Usually this kind of FG
has loops between neighboring variable tuples and factors
nodes [35] and the solution (15) can only be found in an
iterative way [23] in this case. Furthermore, the overall FG
containing decoder, demodulator and equalizer is processed
iteratively. If the demodulator stage provides a priori infor-
mation based on the upper part of the overall FG, these
messages are initialized as in line 5 of Alg. 1. However, if no
a priori information is available (e.g., in the first iteration)
the messages are initialized as equally distributed (line 7
in Alg. 1). After some iterations, the messages are fed to

Algorithm 1 FG-Based Equalizer: The SPA
1: #Initialize factor graph and messages#
2: setup the edges based on the neighbor sets Du

N,s and Yr

3: μyR
r →dAB

s

�
dAB

s

� = 1/M2

4: if a priori information is available then
5: μdu

s →PLNC
�
du

s

� = μDem.u→PLNC
�
du

s

�

6: else
7: μdu

s →PLNC
�
du

s

� = 1/M
8: end if
9: repeat

10: #Calculate variable to factor message#
11: for s = 0, s ≤ NSC NTS − 1, s = s + 1 do
12: calculate μdAB

s →yR
r

�
dAB

s

�
like in (21)

13: end for
14: #Calculate factor to variable message#
15: for r = 0, r ≤ NSC NTS − 1, r = r + 1 do
16: calculate μyR

r →dAB
s

�
dAB

s

�
like in (18) and (19)

17: end for
18: until Any stopping criterion is met
19: #Calculate equalizer output message#
20: calculate μdAB

s →PLNC

�
dAB

s

�
(23) and μPLNC→du

s

�
du

s

�
(24)

the demodulator and the decoder detects the user-specific
information words b̂A and b̂B. Finally, the relay message is
generated and transmitted in the BC phase.

B. Joint Channel Decoding and Physical-Layer
Network Coding (JCNC)

As a matter of fact, the aim of the relay is to generate one
mutual message for the BC phase. Thus, it is not interested in
the individual messages, but in the joint PLNC message b̂A⊕B.
By directly estimating the relay bit b̂A⊕B

ζ = bA
ζ ⊕bB

ζ the MAP
detector in (14) changes to

b̂A⊕B
ζ = argmax

bA⊕B
ζ ∈F2

p(bA⊕B
ζ |yR). (25)

The corresponding FG of the JCNC scheme is illustrated
in Fig. 11 and applies only one chain w.r.t. the relay infor-
mation word with just one demodulator estimating the XOR
codeword cA⊕B ∈ F

Nc
2 and one binary decoder estimating

b̂A⊕B ∈ F
Nb
2 . The equalizer for JCNC differs in the PLNC fac-

tor node fJCNC (related to the factorization p(dA, dB | dA⊕B)
similar to (15) for SCD), which maps the symbol tuple dAB

s
to one combined symbol dA⊕B

s corresponding to the XORed
combination of the underlying code bits. This mapping is
necessary to enable a joint demodulator and decoder. The
message from the PLNC block to the combined symbol
dA⊕B

s is calculated by the marginalization (i.e. changing the
dimension from M2 → M) over the XORed combined bits
given by

μPLNC→dA⊕B
s

(M (čA⊕B b2d= κ))

=


čA⊕čBb2d= κ

μdAB
s →PLNC((M (čA), M (čB))), (26)
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Fig. 11. FG used in the JCNC scheme with PLNC function node fJCNC the
symbol tuple dAB

s to a joint symbol dA⊕B
s , and vice versa.

where μdAB
s →PLNC is calculated by (23) and the index κ is

the decimal representation regarding the XORed version of

čA ⊕ čB b2d= κ with κ = 0, . . . , M − 1. The main advantage of
the JCNC design is the application of only one state-of-the-art
demodulator and binary decoder at the relay, leading to a lower
computational complexity in comparison to the SCD scheme
by a factor of two. However, reducing the message space in
the upper part of the FG to the combined symbol dA⊕B

s leads
to an ambiguous assignment of the a priori message coming
back from the decoder to the equalizer at the PLNC block as
no information of the user-specific signals available. Hence,
we can only use the ambiguous mapping (i.e. changing the
dimension from M → M2) by

μPLNC→dAB
s

((M (čA), M (čB)))
�
��
čA⊕čBb2d= κ

= 1

M
μdA⊕B

s →PLNC(M (čA⊕B b2d= κ)). (27)

Due to the direct estimation of the relay info word b̂A⊕B the
BC symbols can be generated by dR = M (C (b̂A⊕B)), directly.

C. Generalized-Joint Channel Decoding and Physical-Layer
Network Coding (G-JCNC)

The G-JCNC detection and decoding scheme estimates the
relay information word jointly by a non-binary decoder in
Galois Field F22 log2(M) , fully exploiting the available infor-
mation. Therefore, a joint code tuple cAB

ι ∈ F22 log2(M) and a
joint information bit tuple bAB

ζ ∈ F22 log2(M) are defined. By
extending the overall detection scheme to the variable tuples,
the MAP detector for G-JCNC becomes

b̂AB
ζ = argmax

bAB
ζ ∈F

22 log2(M)

p(bAB
ζ | yR). (28)

The message from the equalizer (23) can directly be
used without any marginalization (indicated by the “=”
function node in Fig. 12), i.e., no PLNC block is
required in the FG offering the full available infor-
mation at the decoder input. The main difference of

Fig. 12. FG for G-JCNC with decoder in Galois Field F22 log2(M) with direct
message flow without marginalization.

the G-JCNC scheme compared to the other schemes is
that a decoder for extension fields is required [5], [7].
In contrast to the JCNC scheme, the decoder offers a full
feedback message μDem.→dAB

s
=μcAB

ι →Dem., directly applicable
in the FGE, and thus, no marginalization or extension of the
message space is required. After estimating the information
word tuple b̂AB, the relay message is generated.

VI. PERFORMANCE EVALUATION

In this part the QAM-based FBMC systems in Tab. I with
binary phase shift keying (BPSK) or 4-QAM modulation
are applied. For LDPC encoding, a code rate of 0.3 and
regular check degree of three are considered and the PEG
algorithm [55] is applied to generate the parity-check matrix.
The number of iterations for the LDPC decoding is set
to 20. The time-variant multi-path channel is generated by
50 Rayleigh fading coefficients for each user resulting in the
effective channel coefficients in (4). The time delay spread τ
and the Doppler shift ν are equally distributed within [0, τmax]
and [−νmax, νmax], respectively. The maximum delay spread
is set to τmax = 0.2T and additional individual CFOs of
	νA = 0.2F0 and 	νB = −0.2F0 are applied. In total,
NSC = 32 sub-carriers and NTS = 20 time symbols are
used to generate a frame containing 640 data symbols. Thus,
each effective channel matrix Hu contains 6402 elements. The
number of considered neighbors in the FGE is fixed to NN = 1
and NN = 3 and the number of iterations within the equalizer
is set to three [1].

One may note that applying NN = 1 yields the 1-tap
frequency domain equalizer commonly used in CP-OFDM.
This configuration is sufficient for a synchronous transmission
as the effective channel matrix is purely diagonal. However,
in case of asynchronous transmission, CP-OFDM requires a
high order equalizer to handle the occurring interference as
indicated in Fig. 4.

Fig. 13a, Fig. 13b, and Fig. 14a show the FER performance
of the three different PLNC detection/decoding schemes at
the relay for all considered FBMC schemes with BPSK



WOLTERING et al.: FGE FOR TWO-WAY RELAYING WITH GENERAL MULTI-CARRIER TRANSMISSIONS 1223

Fig. 13. FER performance at the relay applying the SCD and JCNC detector
affected by max. delay spread τmax = 0.2T and CFOs 	νA = 0.2F0 and
	νB = −0.2F0 without Doppler shift νu = 0.

Fig. 14. FER performance at the relay of the TWRC transmission applying
the G-JCNC detector affected by max. delay spread τmax = 0.2T and CFOs
	νA = 0.2F0 and 	νB = −0.2F0 without Doppler shift νu = 0.

mapping. It can be observed for all PLNC approaches that
the OFDM with 1-tap equalization suffers drastically from
the additional interference introduced by the channel. As
expected, OFDM is outperformed by CP-OFDM and a 1-tap
equalizer (NN = 1) due to the use of a CP. A significant gain
is achieved in both schemes (OFDM and CP-OFDM) with the
FGE and NN = 3 neighbors. Applying general waveform in
QAM/FBMC leads to an additional gain of roughly 1dB com-
pared to the orthogonal schemes for all detection schemes at
FER = 10−3 with the same computational complexity. Analyz-
ing the FER performances w.r.t. the detection schemes show
that the G-JCNC scheme outperforms all other schemes by
the complete exploitation of the useful information from the
equalizer to the demodulator in the FG. The SCD detection
scheme performs slightly worse, as the marginalization over
the users reduces the information in the FG. Both schemes
outperform JCNC by roughly 2-3dB at FER = 10−3, due to the
marginalization and the ambiguous feedback message from the
demodulator. In Fig. 14b, we show the FER performance at

Fig. 15. FER performance at the relay at fixed SNR of 5dB and BPSK
symbol mapping with different number of edges NN in the FG applying
the G-JCNC detector affected by time-variant channel (τmax = 0.2T and
νmax = 0.2F0) with perfect and without a priori information in Alg. 1 lines
5 and 7, respectively.

the relay of G-JCNC applying BPSK and 4-QAM. The phase
sensitivity of 4-QAM in TWRC [56] leads to a degradation
of the performance of all transmission schemes. Especially,
CP-OFDM with the simple 1-tap equalizer suffers drastically
from this impact, whereas the performance with NN = 3
neighbors shows only a minor loss for all schemes.

As the number of neighbors NN determines the complexity,
Fig. 15 shows the FER performance of the G-JCNC scheme for
a varying number of considered edges 1 ≤ NN ≤ 5 per node
in the FG with perfect a priori information (best-case scenario)
and without a priori information (worst-case scenario) of the
demodulator. The transmission is affected by a time-variant
channel with τmax = 0.2T0 and νmax = 0.2F0 at a fixed SNR
of 5dB. OFDM indicates only small improvements with a
higher number of neighbors NN. The CP-OFDM scheme starts
with a lower FER at NN = 1 due to the robustness introduced
by the CP but also gains marginally by increasing NN > 1.
In contrast, FBMC starts with a high improvement utilizing
only a few edges in the FG and the Gaussian waveform
outperforms all other schemes for NN > 2, due to the “well-
localized” interference. All schemes suffer from unknown
a priori information at the equalizer input and it can further be
observed that a message exchange with the demodulator and
decoder is essential at the relay. These FER characteristics
coincide with the interference analysis versus the number
of collected neighbors NN in Fig. 8. All in all, the FER
performance indicates the requirement of considering more
neighbors in OFDM and CP-OFDM at the costs of higher
complexity to achieve comparable results to the schemes with
well-localized waveforms. The performance of the various
combinations of transmission scheme and receiver approaches
have been evaluated for a wide range of channel characteristics
indicating advantages w.r.t. FER for OFDM/CP-OFDM in case
of synchronous transmission and benefits for FBMC in case
of asynchronous transmission under the assumption of same
receiver complexity. However, FBMC offers better spectral
efficiency and spectral shaping.

VII. CONCLUSION

This article provides a detailed overview of the impact
of channel impairments like timing and frequency offsets,
delay and Doppler spreads on the transmission within a
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two-phase TWRC. The interpretation of the transmission by
FGs offers a deeper look into the structure by the effective
channel matrix. The application of FBMC schemes with
well-localized waveforms shows a significant reduction on
the interference terms leading to only some adjacent cross
connections in the FG, which offers the utilization of the
FG-based equalizer at the relay. Three well-known PLNC
detection/decoding schemes have been extended to work in
combination with general FBMC schemes and FG-based
equalization. We have further introduced the neighborhood
parameter NN within the algorithm to balance the complexity
and accuracy of the algorithm. The FBMC schemes with well-
localized waveforms outperform the well-known CP-OFDM
even under severe channel conditions without the need for
a CP and. Hence, they offer a higher spectral efficiency and
further a lower OoB radiation. In the future, an adaptive system
could offer the interaction between the relay and the users via
a feedback link controlling, e.g., the localization parameter ρ
in the Gaussian waveform or the density δTF yielding a flexible
control over the demand for the used spectrum, the required
complexity for the equalizer and the FER performance at the
relay.
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