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Abstract—The Kalman filter as an effective tool to solve the state
estimation problem for linear dynamic systems can be derived from
a generalized perspective by applying the sum-product message
passing over a factor graph. This viewpoint encourages us to
visualize the state estimation problem over a network where all
the nodes aspire to obtain consensus-based state estimates of a
dynamic system by collecting sequential measurements over time.
In this work, nodes process in a distributed and cooperative fashion
and exchange Gaussian messages among neighbors resulting in a
Gaussian belief propagation algorithm. We discuss and illustrate
the performance of our proposed method under acyclic and cyclic
network typologies.
Index Terms—Consensus, distributed state estimation, factor
graph, Gaussian belief propagation, Kalman filtering.

I. INTRODUCTION
ISTRIBUTED Kalman filtering for state estimation of
dynamic systems is investigated in the past decade in
many areas such as parameter estimation in power systems,
cooperative localization and tracking in multi-agent systems and
networked spacecraft formation control [1]. Varieties of these
applications in a distributed fashion aim to overcome the disadvantages of centralized processing, e.g., single point of failure of
central node, congestion of massive data, thereby to enhance system robustness and flexibility. In this work, we study distributed
Kalman filter (KF) over a network where all nodes process
data cooperatively and desire accurate consensus-based state
estimates for further processing, decision making or control.
Different distributed consensus-based Kalman filtering algorithms were proposed in [2]–[6]. Among them, [2] and [3] fused
data using one step average to save computation and latency but
leading to suboptimal solutions. The estimation accuracy can
be improved by processing iterative average consensus [7] on
specific terms of Kalman filter updates presented in [4], which
has a more general discussion in [5]. From a different viewpoint, the authors of [6] constructed an equivalent maximum-aposteriori estimation problem subject to a consensus constraint
on state estimate. The problem was solved distributedly with
the augmented Lagrangian method and the performance outperforms [4] in terms of convergence speed and communication
effort for sparse networks. In this paper, we aim to further
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reduce communication consumption. On the one hand, we try
to achieve a fast consensus among nodes to reduce information
exchange and processing delay. On the other hand, for some
devices enabling point-to-point (P2P) physical connections, we
compress the network redundant links, which also reduces the
complexity of system design. For example, in networked satellite
formation tasks, a sparse communication network means simple
hardware structures of satellites for laser line-of-sight (LOS)
inter-satellite links [8].
Inspired by [9], we solve the consensus-based state estimation
problem in a distributed and visualized way by message passing
over a factor graph (FG). Accordingly, a Gaussian belief propagation (GaBP) algorithm is derived. In [10]–[12], belief propagation (BP) algorithms over FGs for distributed state estimation
were studied, where sampling-based particles are transmitted
over networks increasing computation and communication burdens. For some applications, simple Gaussian approximations
are sufficient to obtain acceptable estimates. Thus, this work
combines consensus with Gaussian beliefs leading to a concrete
algorithm as a special case of BP.
In this paper, we first concentrate on a probabilistic description
of the centralized KF (CKF) over a FG. Then, visually split
the FG over a communication network by introducing coupling
factor nodes to fuse measurements distributedly. We analyse the
performance of our algorithm by tuning the coupling parameters
for acyclic and cyclic networks. Due to the limited space of
this letter, only the linear state estimation is discussed. The
extension to nonlinear filtering, e.g., extended Kalman filter [13]
or unscented Kalman filter [14], is possible.
II. SYSTEM MODEL
Consider the following state-space model of a discrete-time
linear dynamic system, where the hidden state vector xk ∈ Rm
at time instant k is observed by a set of J nodes:
xk+1 = F k xk + wk ,
y j,k = H j,k xk + v j,k .

(1)
(2)

Here, F k ∈ Rm×m , H j,k ∈ Rn×m and y j,k ∈ Rn denote the state
transition matrix, local measurement matrix and local measurement, respectively. The process noise wk ∈ Rm ∼ N (0, Qk )
and local measurement noise v j,k ∈ Rn ∼ N (0, Rj,k ) are time
and node uncorrelated both following zero mean multivariate
Gaussian distributions with covariance matrices Qk and Rj,k ,
respectively. These J nodes form a time-invariant connected
communication network described by an undirected graph T =
{J , E} with the set of nodes J = {1, . . . , J} and the set of
edges E. For algorithm derivation, inter-node communications
is assumed to be error-free here. We are aware that practical
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Fig. 1.

A factor graph factorization depicts (4) in a Markov chain.

communication uncertainties, e.g., time delays, packet losses,
link failures, influence the designed algorithm and need to be
considered in future work.
To acquire a state estimate based on the global measurement
data, we define a stacked vector which contains all available
T T
nJ
. Thus,
measurements in (2) as y k = [y T
1,k , . . . , y J,k ] ∈ R
the global measurement model is formulated by
y k = H k xk + v k ,

(3)

T T
nJ×nJ
is the stacked meawhere H k = [H T
1,k , . . . , H J,k ] ∈ R
T
T
nJ
surement matrix and v k = [v 1,k , . . . , v T
is the
J,k ] ∈ R

stacked noise vector with a block diagonal covariance matrix
Rk = blkdiag(R1,k , . . . , RJ,k ) ∈ RnJ×nJ .
The state-space model (1) and (3) describes a system with
a hidden Markov structure [9] and the joint probability density
function (pdf) of variables x and y can be factorized as
p(x0 , · · ·, xK , y 1 , · · ·, y K ) = p(x0 )

K


p(xk |xk−1 )p(y k |xk ),

k=1

(4)
where p(xk+1 |xk ) = N (F k xk , Qk ) is the state transition pdf
and p(y k |xk ) = N (H k xk , Rk ) is the likelihood pdf, due to
model (1) and (3) respectively. Then, the factorization of joint
pdf in (4) can be depicted using a FG shown in Fig. 1, where f k
and hk are factor nodes indicating state transition and likelihood
function, respectively. Thus, messages are Gaussian pdfs passing
over this FG following the sum-product rule [9]:
message from function f to variable x:


mf →x (x) =
f (X)
my→f (y)d(X\x) (5)
X\x

y∈n(f )\x

message from variable x to function f :

mx→f (x) =
mh→x (x)

(6)

h∈n(x)\f

where n(v) denotes the set of neighbors of a given node v in
a FG and X = n(f ) is the set of arguments of the function f .
X\x denotes the set of elements in X without x.
III. APPROACH
Before we derive a distributed algorithm, we first focus on the
CKF over FG. At each time k, measurements of all nodes are
fused at a variable node y k . Then, forward propagating messages
in Fig. 1 can be calculated recursively based on (5) and (6) over
the FG providing the forms of posterior marginal distribution
p(xk |y 1:k ) on state xk and predicted distribution p(xk+1 |y 1:k )
on state xk+1 given measurements up to k as:
pk|k (xk ) = p(xk |y 1:k ) ∝ mxk →f k = mf k−1→xk mhk→xk , (7)

Fig. 2. Message passing over a factor graph representing measurement fusion
at each time instant k.


p(xk+1 |y 1:k ) ∝ mf k →xk+1 =

p(xk+1 |xk )mxk →f k dxk . (8)

−
By defining p(xk |y 1:k−1 ) = N (x̂−
k , P k ) and p(xk |y 1:k ) =
N (x̂k , P k ), (7) and (8) decide the mean and covariance of the
posterior and predicted distribution. The resulting updates are
identical to the conventional KF [9] with the state estimate at
each time k: x̂k = E{xk |y 1:k } = arg maxxk p(xk |y 1:k ) [6].
To design a distributed algorithm, the key issue is how to collect measurements over a network, called measurement fusion.
Inspired by [15], [16], we introduce a coupling factor node gji
to express the relation of two local copied state variables xj,k
and xi,k of the global one at neighboring node j and i, where
∀j ∈ J , i ∈ Nj and Nj denotes the neighboring set of j. We
define gji as an exponential function to make the calculation of
Gaussian messages mathematically tractable:


gji (xj,k , xi,k ) = exp

−


β
xj,k − xi,k 22 ,
2

(9)

with coupling parameter β > 0. Thus, the distributed measurement fusion can be conducted by message passing over a
communication network at each time k without any routing
protocol as shown in Fig. 2, where {u, i} ∈ Nj . Along with
increasing β, the neighboring variables xj,k and xi,k become
more and more correlated [15], which promotes a consensus
on state distributions in the network. When β → ∞, we obtain
gji (xj,k , xi,k ) ∝ δ(xj,k − xi,k ) and thus distributions on local
state variables conditioned on all measurements at time k will be
the same over the whole network, i.e., p(xj,k |y 1,k , . . . , y J,k ) =
p(xi,k |y 1,k , . . . , y J,k ), which are identical to the central one
p(xk |y k ). By defining this coupling factor, each node has its
own processing Markov chain as Fig. 1 and cooperates with
neighboring nodes by information exchange as Fig. 2. Therefore,
the posterior marginal distribution on xj,k at node j ∈ J at time
k is

pk|k (xj,k ) ∝ mf k−1→xj,k mhj,k→xj,k
mguj →xj,k
∝ N (μj,k , P j,k )



u∈Nj
−1
N (μuj , Λ−1
uj ) ∝ N (x̂j,k , Λj,k ),

(10)

u∈Nj

where an augmented product term shows up compared to (7)
representing the Gaussian incoming messages mguj →xj,k with
mean μuj and precision Λuj transmitted by neighbors. The term
N (μj,k , P j,k ) indicates the local KF updated distribution on
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xj,k based on system model (1) and (2) as:
mf k−1 →xj,k mhj,k →xj,k
−
−1
T
−1
−1
∝ N (x̂−
j,k , P j,k )N (H j,k y j,k , (H j,k Rj,k H j,k ) )

∝ N (μj,k , P j,k ).
(11)
By calculating the products of two Gaussian pdfs in (11), P j,k
and μj,k can be obtained by
−1

T
−1
−1
P j,k = (P −
)
+
H
R
H
,
(12)
j,k
j,k j,k
j,k


T
−1
−1 −
μj,k = P j,k (P −
(13)
j,k ) x̂j,k + H j,k Rj,k y j,k .
To calculate the Gaussian posterior marginal distribution (10),
parameters μuj and Λuj are required at node j. Next, we first
derive the message from variable node xj,k to its neighboring
factor node gji as

mguj →xj,k
mxj,k →gji = mhj,k →xj,k
u∈Nj \i

∝



T
−1
−1
N (H −1
j,k y j,k , (H j,k Rj,k H j,k ) )

N (μuj , Λ−1
uj ).

u∈Nj \i

The message from factor node gji to variable node xi,k is

mgji →xi,k = gji (xj,k , xi,k ) mxj,k →gji dxj,k

(14)
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Algorithm 1: Factor Graph-Based Distributed Consensus
Kalman Filter.
−
1: Initialize: for all j ∈ J , x̂−
j,1 = 0, P j,1 = Π, β
2: for k = 1, · · · K, node j do
3: Initialize: l = 0, μ0uj , Λ0uj , ∀u ∈ Nj
% distributed measurement fusion
4: while(GaBP not converge)do
5:
l =l+1
6:
calculate (16) and (17) and transmit Λlji , μlji to
neighbors i ∈ Nj
7: end while
8: calculate (18) and (19) for posterior distribution
% local prediction
9: calculate (20) and (21) for predicted distribution
10: end for

=

N (F k xj,k , Qk )N (x̂j,k , Λ−1
j,k )dxj,k

−
∝ N (x̂−
j,k+1 , P j,k+1 )

and we get the predicted mean and covariance matrix at node j
for the next time instant k + 1:
x̂−
j,k+1 = F k x̂j,k ,

(20)

−1 T
P−
j,k+1 = F k Λj,k F k + Qk .

(21)

The general algorithm is summarized in Algorithm 1.

N (μji , Λ−1
ji ).

∝
(15)
Then, we substitute (9) and (14) into (15) resulting in an iterative
GaBP loop for measurement fusion by initializing Λ0uj and μ0uj .
Note that the initialization may influence the convergence speed
of GaBP and hence can be chosen properly. Each node j ∈ J
calculates parameters Λji and μji in an inner iteration l:
⎡
⎤−1
Λlji = ⎣(H Tj,k R−1
j,k H j,k +

−1
Λl−1
+ β −1 I ⎦
uj )
u∈Nj \i

⎛

⎞−1
⎠
Λl−1
uj

μlji = ⎝H Tj,k R−1
j,k H j,k +
u∈Nj \i

⎛

, (16)

⎞
l−1 ⎠
,
Λl−1
uj μuj

× ⎝H Tj,k R−1
j,k y j,k +

IV. DISCUSSIONS ON NETWORK TOPOLOGY
AND COMMUNICATION OVERHEAD
A. Acyclic Network Topology
An acyclic network is a tree structure without any loop. We
will show that the mean and precision on state estimates are
consensus-based and identical to the central ones when β → ∞
by performing L = D iterations. Here, D is defined as the
network diameter describing the greatest distance between any
pair of nodes. With β → ∞, the term β −1 I in (16) vanishes.
With any initialization μ0uj and Λ0uj , it can be derived that
after D-th inner iteration, each node j gathers all messages
T
−1
on measurements H Ti,k R−1
i,k H i,k and H i,k Ri,k y i,k , i ∈ J \j,
from neighbors u ∈ Nj over the acyclic FG by terms
ΛD
uj =

(17)
u∈Nj

u∈Nj \i

and transmits both parameters to neighboring nodes i ∈ Nj .
After a certain number of inner iteration L, each node j receives
L
ΛL
uj and μuj from neighboring nodes u ∈ Nj . Thus, the precision Λj,k and mean x̂j,k of the posterior marginal distribution
on xj,k can be computed by (10) and we obtain
Λj,k =

P −1
j,k

+
⎛

x̂j,k =

Λ−1
j,k

ΛL
uj ,

⎝P −1
j,k μj,k

⎞
L ⎠
.
ΛL
uj μuj

+

u∈Nj

(19)

Then, the predict step is performed by calculating message:

mf k →xj,k+1 = p(xj,k+1 |xj,k )mxj,k →f k dxj,k

H Ti,k R−1
i,k y i,k .

(23)

i∈J \j

Substituting (12), (13), (22), (23) into (18) and (19), we get
−1
+
Λj,k = (P −
j,k )


x̂j,k = Λ−1
j,k

u∈Nj

(22)

i∈J \j

D
ΛD
uj μuj =

(18)

u∈Nj

H Ti,k R−1
i,k H i,k ,

H Ti,k R−1
i,k H i,k ,
i∈J

(24)


−1 −
(P −
j,k ) x̂j,k +

H Ti,k R−1
i,k y i,k

,

(25)

i∈J

which are identical to the CKF results [6] with prior knowledge
−
−
−
as the central case P −
j,k = P k and x̂j,k = x̂k , ∀j. Under β → ∞,
we can also explain (17) as an iterative weighted averaging on
the means of incoming messages at node j and the weights are
decided by the corresponding precisions.
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B. Cyclic Network Topology
For cyclic networks, we tune the parameter β as a relaxation of
consensus on state variables to make GaBP converge. The central
solution can not be achieved, because the term β −1 I in (16)
leads to a small precision matrix which further influences the
accuracy of the mean in (17). The choice of β offers a trade-off
between fast convergence (small β) and accurate estimate (large
β) of GaBP. However, the convergence analysis and the choice
of optimal β are still open. For iterative KF updates, a poor
result of the inner iteration means estimates are not effectively
propagated along with the time. This may make our algorithm
diverge. To overcome this limit, a minimum spanning tree (MST)
algorithm, e.g., [17], [18], can be applied as a pre-processing
step to break loops in a network and obtain the smallest network
diameter. Thus, our algorithm converges fast towards the central
solution meanwhile reducing redundant inter-node communication effort in P2P transmission. For time-invariant networks, a
pre-processing MST is performed only once. Here, we assume
that radio propagation over all inter-node links has no difference.
Definitely, communication qualities such as the link path-loss
effect can be considered associate with link weights in MST.
Reminding (9), a broken link can be regarded as setting β = 0 for
this specific link, which means there is no coupling between state
densities of two nodes. If β = 0 for all links, all communication
will be suppressed among nodes, i.e., nodes are isolated.
C. Communication Overhead
We assume that the communication network T equips with
P2P inter-node links with a unicast transmission scheme. Transmitted scalars per time instant k are counted as communication overhead (CommOH) during the algorithm procedure.
In general, its value is 2|E|KL(m + m2 ) where |E| is the
number of edges of T . For acyclic networks, the CommOH
is limited as 2|E|KD(m + m2 ) to reach the central optimal
solution. For cyclic networks, by applying the MST algorithm
to reduce network redundant links, the CommOH is compressed
into 2|E |KD(m + m2 ) where |E | is the number of edges of
simplified tree network T = {J , E } with |E | < |E|.
V. SIMULATION RESULTS
In this section, we evaluate the performance of our proposed
algorithm compared to the optimal consensus-based algorithms
in [4] and [6]. A process model with 2-dimensional state is considered with matrices F k = [0.992, −0.1247; 0.1247, 0.992]
and Qk = 0.5I 2 , ∀k. A set of J = 16 nodes in a network T
takes measurements of the system state with local measurement
matrix H j,k chosen to be either [1, 0] or [0, 1] randomly
and a degraded scalar-valued noise variance Rj,k = 1. The key
performance indicator is the average mean square error aMSE =
J
1
2
j=1 E{xk − x̂j,k  } approximated by averaging over M
J
Monte Carlo simulation runs with different realizations on T ,
wk , v j,k and H j,k .
We first simulate aMSE performance of different algorithms
for M = 1000 randomly generated networks T along with K =
50 time instants. For our proposed algorithm, in each run, we
apply MST to construct a tree network T with a diameter D.
Note that in algorithms [4] and [6], each node transmits the same
amount of scalars as our proposed one per inner iteration l. One
example of networks T and T is shown in Fig. 3 (left). By fixing
L = D for all algorithms and β → ∞, the results of aMSE w.r.t.
CommOH are presented in Fig. 3 (middle). We observe that the

Fig. 3. (Left) an example of T and T ; (middle) aMSE w.r.t. CommOH, each
marker indicates an increment of 10 time instants; (right) steady-state aMSE of
different nodes.

Fig. 4. Mean ± standard deviation of required L (left) and steady-state aMSE
(right) when algorithms converge under 4 cases of networks, i.e., 1 = tree,
2 = ring, 3 = loops, 4 = loops + tree.

proposed algorithm outperforms the others gaining the highest
estimation accuracy only with almost 50% communication cost,
while the others have not yet converged to the central solution at
each time instant. The steady-state consensus status over nodes
is illustrated in Fig. 3 (right), indicating that a consensus-based
centralized result has been achieved among nodes by applying
our proposed algorithm.
The overall aMSE performance and CommOH highly depends on the number of inner iteration L. Next, we study the
required L for each algorithm to reach the best performance for
4 different cases of randomly generated networks, i.e., tree, ring,
loops and loops+tree. Note that here the loops network means
each node at least has two neighbors. We simulate the steadystate aMSE w.r.t. the increasing L. The simulation is terminated
when the absolute value of difference between steady-state
aMSEs at L − 1 and L is less than 10−3 . Then the current L
is recorded. For cyclic networks, we suggest β = 1 as the same
level of R−1
j,k for the proposed algorithm to achieve acceptable
performance. The resulting mean and standard deviation of L
and the corresponding steady-state aMSE under M = 50 for
each network case are indicated in Fig. 4. As observed from the
results, our proposed algorithm gains the best performance with
the lowest CommOH under tree network. For ring, a trade-off
between estimation accuracy and CommOH should be taken
into account to choose a proper algorithm. For highly cyclic
networks, our recommendation is to perform MST to break loops
and further save communication cost, which is suitable for timeinvariant networks or pre-deployed P2P communication links.
VI. CONCLUSION
In this work, we propose a distributed consensus-based KF
algorithm by applying the GaBP over a FG. It consumes very low
communication effort meanwhile converges to the optimal CKF
solution for acyclic networks. Convergence and CommOH are
also discussed for different networks. For some cyclic networks,
it is possible to relax consensus to achieve a fast convergence.
Generally, we can apply a pre-processing MST algorithm to
break loops of a cyclic network, which further reduces communication cost. In future research, we intend to consider practical
communication uncertainties to study their influences on the
proposed algorithm.
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