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Abstract—The uplink from a very small aperture terminal
(VSAT) towards multiple satellites is considered, in this paper.
VSATSs can be equipped with multiple antennas, allowing parallel
transmission to multiple satellites. A low-complexity precoder
based on imperfect positional information of the satellites is
presented. The probability distribution of the position uncertainty
and the statistics of the channel elements are related by the char-
acteristic function of the position uncertainty. This knowledge is
included in the precoder design to maximize the mean signal-
to-leakage-and-noise ratio (SLNR) at the satellites. Furthermore,
the performance w.r.t. the inter-satellite distance is numerically
evaluated. It is shown that the proposed approach achieves the
capacity for perfect position knowledge and sufficiently large
inter-satellite distances. In case of imperfect position knowledge,
the performance degradation of the robust precoder is relatively
small.

Index Terms—LEQ satellites, 3D networks, massive MIMO,
beamforming, beamspace MIMO

I. INTRODUCTION

In future mobile networks, the terrestrial infrastructure will
be extended by non-terrestrial networks (NTNs), consisting
of unmanned aerial vehicles (UAVs), high altitude platform
stations (HAPSs) and communication satellites, forming a
global heterogeneous 3D network. An integral component to
these spatial networks are constellations of small satellites
in low Earth orbits (LEOs) [1], [2]. This is because, in
comparison to satellites in medium Earth orbit (MEO) and
geostationary orbit (GEO), these constellations have reduced
deployment costs and acceptable transmission delays [3], [4].

Recent results examine the application of multiple-input-
multiple-output (MIMO) technologies to simultaneously com-
municate with multiple satellites [S]-[8]. In combination with
formation flying techniques, which allow multiple satellites to
move in clusters and act as a single entity [9]-[11], swarms
of small satellites can form huge virtual antenna arrays with
the promise of massive spectral efficiency improvements.

n [12], [13], optimal geometrical conditions for satellite
swarms with respect to (w.r.t.) the channel capactiy are de-
rived. Additionally, a low-complexity linear transceiver design
for the downlink from a satellite swarm towards a MIMO
ground terminal has been proposed for the considered scenario.
It has been observed that the derived transceiver achieves the
channel capacity for sufficiently large inter-satellite distances
and perfect position knowledge.

In case of imperfect position knowledge, the statistics of
the uncertainty can be included to design a robust precoder.
In [14] robust precoding under imperfect phase knowledge
for multi-user downlink scenario is presented. The precoder is
designed to achieve a given signal-to-interference-and-noise
ratio (SINR) per user with minimum transmit power. In order
to deal with the phase uncertainty, the SINR constraint is
relaxed to be satisfied either only in mean, or with a given
probabilistic. Similarly, in [15], [16] robust precoder with a
relaxed average SINR constraint in the presence of phase
uncertainties are presented. The precoder in [15] allows a
trade-off between spectral and energy efficiency, while in [16]
the energy efficiency for a hybrid precoder is maximized. A
precoder under the strict constraint to ensure an SINR above
a given threshold in case of bounded position uncertainty
is given in [17]. There, different objective functions are
numerically optimized, while the uncertainty region is sampled
to obtain a finite set of constraints. In [18] another robust
precoder for the multi-user downlink is presented to maximize
the signal power of a user while keeping the interference
leakage to other users within a bounded uncertainty region
below a given threshold. A different approach to deal with
position uncertainties is been presented in [13]. There, it is
shown that the characteristic function (CF) of the position error
is related to the autocorrelation matrix of the channel.

In this paper, we utilize the CF of the position uncertainty
to present a novel robust precoder to maximize the mean
signal-to-leakage-and-noise ratio (SLNR) [19] for very small
aperture terminal (VSAT) to multi-satellite uplink applications.
Therefore, different to [17], [18], our precoder is suitable
for arbitrary probability distributions of the receiver positions.
Furthermore, we obtain an analytic solution, and therefore the
computational complexity is relatively low, as the precoder
only requires an eigendecomposition. Furthermore, we show
numerically that the proposed precoder achieves the capacity
for sufficiently large inter-satellite distances and perfect posi-
tion knowledge of the satellites at the VSAT.

The rest of the paper is organized as follows. Next, in
Section II, the general system model and the performance
benchmark for perfect channel state information (CSI) is
presented. In Section III the proposed robust precoder is
presented and numerically evaluated in Section IV. Finally,
Section V concludes the paper.
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Fig. 1: Geometric relation between VSAT and satellite ¢

II. SYSTEM MODEL AND PERFORMANCE BOUNDS

We consider the uplink from a single VSAT to a group of Ng
single antenna satellites. The VSAT is equipped with a uniform
rectangular array (URA) consisting of Np = N5Ny > Ng
antennas. Coordinates are stated in a VSAT-centric reference
frame as depicted in Fig. 1. In particular, the z-axis points
toward the VSAT’s zenith, and the x- and y-axes are aligned
with the VSAT’s URA. Thus, Nf and N% are the number
of antennas of the VSAT in x- and y-direction, respectively.
The position of satellite £ € {1, ..., Ng} is given by the triplet
(dg, 65", 0%), where d, is the distance between satellite ¢ and
the VSAT and 6§ € [07 ,,7/2] and 6§ € [0,27] are the
elevation and azimuth angles, respectively, as shown in Fig. 1.

The VSAT transmits Ng independent Gaussian data streams
s ~ CN(0,In,), where Iy, is the identity matrix of di-
mension Ng. These streams are linearly precoded with G =
(g1, ., 8Ns] € CNTXNs 10 obtain the transmit signal x = Gs.
The VSAT is subject to an average power constraint Pry, i.e.,

E{x"x} =tr {GG"} < Pr,. ¢))

The received signal y, at satellite ¢ is y, = h’x + n,, where
hy, € CN7 s the channel from the VSAT to satellite ¢ and n,
is circularly-symmetric complex white Gaussian noise with
power o2,

A. Channel and Error Model

We assume a line-of-sight (LOS) path between the VSAT
and satellite ¢ and the received power from the non-LOS
(NLOS) paths to be negligible small. Then, the elements of
h, differ only in their phase, but have the same magnitude
[12], [20], [21]. Thus, we can define the channel vector h,
as a multiplication of a scalar factor oy, € C and a steering
vector a; € CVT, whose elements have magnitude one, i.e.,

h, = ayay. 2)

The complex channel gain « includes the signals attenuation
and phase rotation due to the free space propagation and the
atmospheric effects. The steering vector a, depends on the
satellite position. Due to the regular structure of the URA,
it is helpful to separate a, into two steering vectors aj; =

[azl,...,aEN%]T and a) = [a%vl,..wa?N%]T, for the x- and
y-direction, respectively, such that
ay=a;ay, 3)

where ® denotes the Kronecker product. With the angles of
departure (AoDs) as defined in Fig. 1 and given that the
distance between the transmit antennas Da at the VSAT is
much smaller than the distance between the VSAT and satellite
l,ie., Dp < dy, the elements of the steering vectors are [22]

azm _ 67jVDA(m71) Cos(@fl)cos(@?z) . m= 1, -~'7N’§7 (4&)
aén _ e—ijA(n—l) cos(é)z’l)sin(ezz) ’ n=1,.., N%) (4b)

where v is the wavenumber of the carrier wave . Furthermore,
we define the space angles ¢ = cos (6!) cos (63%) and
@) = cos (65') sin (03). While the AoDs 6§ and 63* are
related to the spherical coordinates, the space angles ¢} and
¢y are related to the Cartesian x- and y- coordinates of satellite
¢, respectively. Note that in practical systems only imperfect
knowledge of the satellites positions can be assumed. Let &
and ¢ be the estimation errors for the space angles in x- and
y-direction, respectively, the estimated space angles are

Gs=g A+, Y= +E. (5)

Then, the & = n+ (m— 1) N3.th element of the channel vector
h, can be written as

hey = aga’lfvmazn

_ aée—juDA((m—l)(é;—s;)ﬂn—l)(dsi—sz)) ’ ©)
which includes three statistically independent random vari-
ables from the transmitters perspective, i.e., ay, & and &) . The
complex channel gain a; is a circularly-symmetric random
variable with variance E{|a¢|*} = o2 . Note that the variance
0'3 , can be different for each satellite ¢, due to the different
path losses. For the estimation errors of the space angles &
and &), we assume the same probability distribution for every
satellite ¢ and for both directions. Their probability distribution
is described by the characteristic function @ (t) [23].

B. Upper bound on the channel capacity

To obtain an upper bound on the throughput performance,
perfect CSI at the transmitter and receiver as well as instanta-
neous and error-free inter-satellite communication is assumed.
Hence, perfect coordination between satellites is possible and
the system can be modelled as an Nt x Ng MIMO system.
The joint receive signal of all satellites is y = Hx + n,
with the channel matrix H = [hy,...,hy,]¥ and the noise
vector n = [ny,...,nng]T, where the components of n are



mutually independent. Let A, be the uth eigenvalue of HHY,
the capacity of this channel is [24]

Ns
p
C = Zlog2 (1+)\#U‘;>, (7
p=1 n
where and p,, is the optimal power allocated to the pth stream.

Given the power constraint 4 Pu = Prx, the optimal power
allocation is obtained from the water-filling algorithm [24].

III. PROPOSED UPLINK APPROACH

In this section, we present a novel low-complexity robust
precoder for uplink transmission from a VSAT to multiple
satellites based on imperfect knowledge of the satellites po-
sitions. For sufficiently large distances between the satellites,
the channel vectors become nearly orthogonal, i.e., a{{ a; ~ 0.
In this case, the channel capacity is maximized, because the
eigenvalues of HH are almost equal [12]. Given orthog-
onal channels, the capacity can be achieved by transmitting
independent data streams [24].! Thus, we assign one stream
per satellite and then design the precoders. Given independent
data streams, no inter-satellite communication is required for
estimation and decoding because satellite ¢ can estimate and
decode the transmitted symbol s, independently from the
other satellites. Numerical results in Section IV-A show that
this approach is, despite its simplicity, capacity achieving
for sufficiently large orbital separations and perfect position
knowledge of the satellites. The received signal at satellite ¢
is yo = hy'gese + 32, ., 0y gisi + ng. Correspondingly, the
instantaneous SINR I, at satellite £ is given as

SR ®
Yize hgil? + of
and the achievable rate R is equal to the sum rate
Ns
R=> log, (1+Ty) . 9)
(=1

The goal is to obtain precoders that maximize this rate.
However, the exact values of h, are not known but only
their estimates based on q?)}f and @f Furthermore, directly
maximizing this sum rate is NP-hard and has, to the best of
our knowledge, no easy analytical solution. In the following,
we solve a slightly simplified version of this problem that, as
will be seen later in Sec. IV, will result in a solution that is
often close to the optimal throughput performance.

A. Problem Formulation

Observe that the SINRs I'y in (8) are coupled through their
denominator. Substituting I'y in (9) with the instantaneous
SLNR for satellite ¢ defined as

Ihi' ge|?
>ive B gl + 02

Ve = (10)

!Observe that this does not imply the transmission of several independent
messages. See, e.g., [25] or [26, Sec. 5.8.1].

and assuming equal power allocation among streams, leads to
the substitute optimization problem

|h g£|2 H Pry
<
gr 8 = N’

(11

s Top i+ 103
which has to be solved for each ¢ € {1, ..., Ng}. However, this
problem still relies on the exact knowledge of the channels.
Our goal is to design robust precoders that take the statistics
of the estimation error into account. This can be achieved by
optimizing over the mean SLNR 7 = E {v}, i.e.,

max E |h gl
Ee 2#5 Ihfg|? + o2
where the expectation is taken w.r.t. the channel vectors
h;,...,hn,. Then, the robust precoders gz"b are a solution
of (12).
B. Robust Precoding via CF

The solution of (12) requires a closed-form expression of
the autocorrelation matrix of the channel E {h/h/’}, which
is closely related to the autocorrelation matrix of the steering
vectors. In particular, let Ra, = E {asaf’ } be the autocorre-
lation matrix of the steering vector a,. With (3) and due to the
statistical independence of the position uncertainties & and &7,
we can write

R., = E{ajal’} = E{(a}f ® al) (a ®a§)H}
= E{a?ae } ®E{aéae } =Ra; @ Ryy.

The random variables in Ra; and R, y are only the estimation
errors & and £}, respectlvely The characterlstlc function ¢ (t)
of these random variables is defined as [23]

pe(t) =E {ejtgz} =E {ejt&i} .
Thus, the (m,m’)th element of the autocorrelation matrix Ray
is given by

[Rai] mom! = {67jUDA(mim/)(q;27£z)}

—juDa(m—m')de

st < Pre (1
L gé gy NS )

(13a)

(13b)

(14)

(15a)

=e we(vDa(m’ —m)). (15b)

The elements of R,y are given, analogously.
Now, we can formulate the optimal precoder, as stated in
the following theorem.

Theorem 1. The robust precoder, i.e., the solution to (12), is

P
b Tx
gEO 1;[’[ max »

(16)
where g max is the eigenvector corresponding to the largest
eigenvalue of (3, ,, 05, Ra, + Nsoi /PriIng) 103, Ra,.

Proof: Note that oy, & and & are statistically inde-
pendent of «;, & and 52-' for i # £. Therefore, h, and h;
are statistically independent, too. Thus, we can rewrite the
objective function (12) as

Ye=E [y gl
> iz 0> + 02

(17a)



_ g?E {hgh?}ge (17b)

0-2
g/ (Zi#E {h;hf} + ;TZINT> 8¢

where p; = gl gy is the transmit power of the /th stream.

With (2) and (13), the expected value in (17b) can be
written as E {hghf } = oi ZRa[. Furthermore, the term in
(17b) is monotonically increasing with the transmit power py.
Therefore, at the optimum solution the constraint must be
active, i.e., py = Prx/Ns. Correspondingly, the optimization
problem (12) is equivalent to

2 H
R
max TarBe afg‘;v (18a)
& gl (Ez#UmRab‘*‘ _ I)g
Pry
st. ghlg, = NTS (18b)

The objective function (18a) is a generalized Rayleigh
quotient. Consequently, the maximum is achieved by the
scaled eigenvector corresponding to the largest eigenvalue of
(D ize 02 Ra,+Nso?/PrIng ) 'Ra, [19], ie., the precoder
gz‘)b must be proportional to ), max. Given the constraint
(18b), the only solution is given by (16). |

The precoder in Theorem 1 optimizes (12) for any prob-
ability distribution of & and &). For the special case of
perfect position knowledge, we obtain a closed-form solution,
as stated in the following corollary.

Corollary 1. For perfect knowledge of the steering vectors,
the optimal precoder for (12) is
-1

Ngo
per—ﬁ(ZU%ala + P nINT> a, (19)

where the normalization coefficient B is chosen such that
tr {GG ) = Pry /N,

Proof: For perfect position knowledge, i.e., &§ = &) =0,
the characteristic function ¢ (t) becomes one. Thus, the
objective function is

_ U(nggfaﬁafgé
Ve t)=1 = m Noo (20)
g (Zlﬂ%zaza + PT"I)
Consequently, the optimal precoder with perfect

position knowledge must be a scaled eigenvector of
(Zi;ﬁé o aafl + NSUE/PTXINT)
eigenvector is given by (19) [27] ]

Furthermore, given perfect position knowledge and orthog-
onal channels, the following corollary holds as well.

ajall.  Such  an

Corollary 2. If Vi # {, the steering vectors a; and a; are
orthogonal and the path losses |o;|* and |ay|? are the same,
ie., aiHaz = 0 and |oy|? = |ouy|? respectively, the precoder
with perfect position knowledge (19) is capacity achieving.

Proof: Note that the precoder (19) is capacity achieving,
if its columns are given by the right singular vectors of H

and the norm of each column is equal to the optimal power
allocation, obtained via the water-filling algorithm [24]. Let

A =[ay,...,an], with AHA = Nplyg, and |o;|? = |ay|? =
2, for all i and /, the precoder matrix GP* = [g}", .. BN
can be written as
Ngo -t
GP = 8 <a|2AAH 5% INT) A (21a)
PTX
-1
N
= BA <|a|2AHA 4 5% INS> (21b)
PTX
= \/PTX/NTA, (2]C)

where (21b) follows from the the matrix inversion lemma [28]

and (21c¢) is obtained due to the orthogonal steering vectors.
Now, given the channel model (2), the matrix H can be

factorized via the singular value decomposition (SVD) as

H = (diag (a1,...,an,) A)T = UV | (22

where U = 1/|a|diag(oq,...,an)” and V =

1/v/N1[A,VNg+1, ..., VN, | are unitary matrices. The vectors
{VNs+1,---»VNy} are the right singular vectors belonging

to the nullspace of the channel matrix H. Furthermore,
2 = [la[v/N1Ing, Ongx (Np—Ns))s Where Ong s vy —ng) is an
all zero matrix of dimension Ng X (N1 — Ng), is a rectangular
diagonal matrix with the singular values of H on its diagonal.
Thus, the precoder matrix (21c) is proportional to the right
singular vectors of H, which do not belong to the nullspace.
Finally, as there is only a single non-zero singular value with
multiplicty Ng, the capacity is achieved by allocating the
same power to each right singular vector. This is given by
the precoder GP*, which concludes the proof. ]

Note that in Corollary 2, the assumptions on the channel
are very strict. In the next section, we show numerically that
the precoder also achieves the capacity in more general cases.

IV. NUMERICAL EVALUATIONS

To evaluate the proposed precoder approach, we consider a
satellite swarm in triangle formation with a fixed inter-satellite
distance Dg between any of these Ng = 3 satellites. The
VSAT is equipped with a 32 x 32 URA with an antenna
spacing of Dy = 2.5cm. The antenna gain at the VSAT
and the satellites are (rxqp = 43.2dBi — 10log,o(Nt) ~
13.1dBi and (gx,as = 30.5dBi — 10log;((Ns) ~ 25.7dBi,
respectively, to match the 3GPP recommendation [29]. The
carrier frequency and the noise power are f. = 30 GHz and
Py = —120dBW, respectively. The channel is modeled as a
pure LOS channel. Thus, the scaling factor is ay = l/Lgej‘WvO,
where ¢y o ~ U(0, 2) is a random phase rotation and Ly is the
path loss, including the antenna gains (1« 4 and (rx,q4B, free
space path loss, shadow fading, clutter loss [30], atmospheric
gas absorption [31] and tropospheric scintillation [32], [33].
Furthermore, the altitude of the satellites is dg = 600 km and

the minimum elevation angle is 95 min = 30°.
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Fig. 2: Achievable rate for different inter-satellite distances Dg and perfect
position knowledge

A. Optimal Inter-Satellite Distance

In [12], the optimal inter-satellite distance for a simplified
downlink scenario has been derived. In this subsection, we
evaluate the performance w.r.t. the inter-satellite distance for
an uplink scenario and a fixed transmit power of Pr, =
5dBW. Given the altitude dy = 600km, the minimum
elevation angle HZmin = 30°, N} = 32 antennas along
the x-axis and vDp = 5m, the analytic solution for the
optimum inter-satellite distance is Dsgop ~ 40km [12]. In
Fig. 2, the channel capacity C' and the sum rate R with the
proposed precoder and perfect position knowledge are shown.
It can be observed that both rates increases with increasing
inter-satellite distances Dg up to a certain distance and then
slightly decrease. The inter-satellite distance, where both rates
achieve their maximum matches with the analytic solution
Dy o from [12]. For Dg < Ds opt, the sum rate is significantly
smaller than the channel capacity, due to the relatively big
difference between the maximum and minimum eigenvalue.
If Dg > Dsgp, all eigenvalues are approximately the same
because aiHag ~ 0, for i # {. Therefore, the difference
between the sum rate and the capacity is negligible small. The
performance degradation for very large inter-satellite distances
is due to the increased path loss averaged over the satellites.

B. Robust Precoding

Now, we evaluate the performance of the proposed robust
precoder (16) for a constant inter-satellite distance Dg =
40 km. Furthermore, we assume two different error distri-
butions of the position uncertainty. The robust precoder re-
quires knowledge about the CF of the probability distribution.
Therefore, the CFs of both probability distribution are given
in the appendix. For comparison, a heuristic precoder gge“
for imperfect knowledge is obtained by substituting the true
steering vectors by the estimated ones in (19), i.e.,

—1
NSU E

X

gt =8> o2aal+ In, | 4 (23)
i#L

Note that for perfect position knowledge, the heuristic pre-

coder (23) as well as the robust precoder (16) are the same.
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Fig. 3: Achievable rate of robust and heuristic precoder in case of uniformly
distributed position uncertainty
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Fig. 4: Achievable rate of robust and heuristic precoder in case of gaussian
distributed position uncertainty

In Fig. 3, the achievable rates for the proposed robust
and heuristic precoder (16) and (23), respectively, are shown
for a uniformly distributed position uncertainty. Thus, the
error of the space angles are uniformly distributed, i.e.,
&5, &) ~ U(—Emax, Emax). It can be seen, that the sum rate with
the heuristic precoder degrades, especially for high transmit
powers. For the robust precoder, the sum rate is almost parallel
to the channel capacity. Thus, the performance degradation is
less severe and the robust precoder clearly outperforms the
heuristic precoder.

In Fig. 4, the corresponding performance for Gaussian
distribution, i.e., &, & ~ N(0, O’?), is shown. The variance ag
is chosen such that it is almost the same as for the uniformly
distributed error in Fig. 3. It can be seen that the performance
gain of the robust precoder compared to the heuristic precoder
is smaller than for uniformly distributed position uncertainty.
On the one hand, the slope for the robust precoder is not
parallel to the channel capacity anymore. Instead, the sum
rate degrades stronger for high transmit powers. On the other
hand, the impact of gaussian distributed position uncertainty
seem to be less severe for the heuristic precoder.

V. CONCLUSION

In this paper, a novel robust precoder for LOS communica-
tion is presented. Instead of full CSI, the proposed precoder



is based on the second order statistics of the channel, which
include imperfect position knowledge of the receivers, as well
as statistical knowledge of the position uncertainty and the
long term fading of the channel. The position uncertainty
of the receivers induce a correlated phase error among the
transmit antennas. It has been shown that the resulting statistic
of the phase error and the channel statistics are connected
via the CF of the phase error distribution. Furthermore, the
proposed appraoch to transmit data from a VSAT to multiple
satellite has low complexity and is capacity achieving for
perfect position knowledge of the satellites and sufficiently
large distances between them.
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APPENDIX A
CHARACTERISTIC FUNCTION

a) Uniform Distribution: Let &y ~ U(—Umax, Umax) b€
uniformly distributed in the interval [—&mpax, Emax]- Then, the
characteristic function ¢y is a sinc-function, i.e.,

gmax 1 .
t) = ——eIft¢ (24a)
SOU( ) ~/—£max meax
_ S0 (ma) _ o (tman) - (24b)

tgmax

b) Gaussian Distribution: Let &gy ~ N (0, og) be gaus-
sian distributed. Then the characteristic function g follows
also a gaussian function [23, Example 8.5], i.e.,

t

" () g
t) = e \7e) ISt = e 2
pol(t) /mag - ¢

(25)
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