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ABSTRACT A generic distributed / multiterminal setup is considered here wherein, through a joint design,
several intermediate nodes must locally quantize their noisy observations from various sets of potentially
common and uncommon user/source signals, ahead of a forward transmission over multiple error-prone
and rate-limited channels to a remote processing unit. The local compressors should be designed in such a
fashion that the impacts of the noisy forward channels are taken into account as well. Fully aligned with the
principal idea of the Information Bottleneck (IB) method, the Mutual Information is then selected here as the
fidelity criterion, and by means of Variational Calculus, the corresponding stationary solutions are derived
for two various types of processing flow/strategy. Thereupon, an iterative algorithm, the Forward-Aware
GEneralized Multivariate IB (FAGEMIB), is introduced as well to efficiently tackle the challenging (non-
convex) design problems. The pertinent convergence proofs to a stationary point of the objective functionals
are also provided, together with a couple of numerical results on typical digital data transmission scenarios,
corroborating the effectiveness of these joint source-channel coding techniques. The presented compression
schemes in this article, with the most flexibility w.r.t. the assignment of users to the serving nodes, highly
generalize the State-of-the-Art techniques designed exclusively for a single (common) user/source signal.

INDEX TERMS 6G, information bottleneck method, joint source-channel coding, multi-user compression

I. INTRODUCTION

HE original formulation of the Information Bottleneck

(IB) method [1] for data compression was built upon the
single-letter characterization of the Rate-Distortion function
in Shannon’s seminal work on lossy source coding [2]. The
major modification there was coming from an intuitive idea:
first, pinpoint your relevant/ target variable and then try to
retain its information in compressed data by lower-bounding
a Mutual Information term, rather than upper-bounding an
expected distortion term. In this manner, one does not need to
be concerned about how to figure out the suitable distortion
function for any application of interest. Instead, all it should
be done is to identify the target variable that is a way simpler
task to accomplish in many practical scenarios. Years later,
the connections of the IB method to a remote / indirect source
coding problem [3]-[7] were established by the particular
choice of Logarithmic Loss distortion [8]. More specifically,
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it was shown that the boundary of achievable rate-distortion
region is obtained by solving the central optimization in the
IB framework. We refer the interested readers to [9]-[11] for
further details on various aspects of the IB principle from the
standpoints of Information and Learning Theory. Important
to note is the connections to several other (classic) problems
including (but not confined to) the Wyner-Ahlswede-Korner
problem [12], [13], the efficiency of investment information
[14], the privacy funnel [15]-[17], and also the (distributed)
functional compression [18]-[21].

The IB method has also been used to better understand the
dynamics of deep learning models [22]-[24]. Furthermore, it
has been applied to various aspects of deep learning, ranging
from the generation of novel network architectures to the
optimization of neural network parameters, and even as an
efficient method towards reducing the issue of overfitting in
intricate inference tasks [25]-[27].
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Besides purely theoretical considerations, the IB method
has already gained practical acceptance and has been utilized
in a wide variety of real-world applications. Some examples
of that include, i.a., semantic/ task-oriented communications
[28]-[30], discrete (channel) decoding techniques [31]-[34],
(efficient) construction of the Polar Codes [35], [36], and also
in Analog-to-Digital converters for receiver front ends [37],
[38]. Interested readers are referred to [39] to acquire a better
view on recent studies concerning both the theoretical as well
as the practical aspects of the IB method.

The extensions of the IB principle to multiterminal setups
have also been considered in the pertinent literature (see,
e.g., [40]-[47]). Typically, such distributed schemes focus on
a certain setup wherein various noisy observations of a single
common user signal should be locally compressed at some
intermediate nodes, ahead of a forward transmission through
a couple of error-free and rate-limited channels to a (remote)
processing unit. In practice, however, it happens quite often
that, every intermediate node should further serve its own
(i.e., uncommon) source/user signals as well, alongside the
common users. Furthermore, the forward channels to the
remote processing unit are usually error-prone. In [48],
two multiterminal / distributed IB-based joint source-channel
coding schemes have been developed for the simpler case
of dealing exclusively with a single common source signal.
Herein, we generalize those results to the more complicated
scenario described above, i.e., incorporating (in the design)
uncommon source signals alongside the common ones, and
as a direct consequence, enabling the full flexibility w.r.t. the
assignment of users to the serving nodes. It should be noted
that, in this context, by an uncommon user, it is meant the
one getting served by only one intermediate node, and by a
common user, it is meant the one getting served by at least
two intermediate nodes. The devised schemes in this article
directly extend the presented (distributed multi-user) remote
source coding schemes in [49] to the context of (distributed
multi-user) joint source-channel coding.

A. CONTRIBUTIONS

In this work, two novel joint source-channel coding schemes
are developed for a (generic) multiterminal / distributed setup
wherein a couple of intermediate nodes quantize different
sets of noisy observations from uncommon and (potentially)
common user/ source signals, before a forward transmission
through multiple rate-limited and error-prone channels to a
remote processing unit. Explicitly, pursuing the Information
Bottleneck philosophy, the Mutual Information is chosen as
the fidelity criterion for designing the compression schemes,
and taking advantage of Variational Calculus, the stationary
solutions are derived for the challenging design problems.
Subsequently, we introduce the Forward-Aware GEneralized
Multivariate IB (FAGEMIB), which is an (iterative) algorithm
using the derived stationary solutions as its core component.
To deliver a full-package support, via in-depth mathematical
analyses, we further provide both the convergence proofs as

well as the cogent justifications of the behavior of FAGEMIB
over the entire range of its main (input) parameters.

The distributed scenario which we focused on here, shows
up in a wide variety of applications regarding the fifth (5G)
and sixth (6G) generations of wireless network technologies,
i.a., in the Cell-Free massive Multiple-Input Multiple-Output
systems (CF-mMIMO) [50]-[54], and in Cloud-based Radio
Access Networks (Cloud-RANSs) [55], [56] with error-prone
fronthaul links, in inference sensor networks with imperfect
channels to the fusion center [57], and in relaying schemes
with the “Quantize-and-Forward” strategy [58], [59].

The main practical relevance of the proposed compression
schemes in this article reveals itself in applications wherein,
due to some stringent (end-to-end) delay / latency constraints,
modern (iterative) forward error-correcting techniques might
not be applicable as a feasible solution to tackle the problem
of imperfect/error-prone forwarding [60], or when dealing
with hardware imperfections wherein, the separate usage of
those schemes may lead to substantial overheads in terms of
energy efficiency [61]. Moreover, the theoretical importance
of the proposed schemes in this article is realized by recalling
that the source and channel coding separation’s optimality
breaks down in certain occasions, including the relevant case
of working in a finite /non-asymptotic block-length regime.

B. OUTLINE

We begin our (technical) discussions by presenting the point-
to-point joint source-channel coding scheme in Section II.
Thereupon, in Section III, we introduce our system model
for distributed data compression and formulate the design
problems for the parallel and successive processing schemes.
After that, in Section IV, we derive the stationary solutions
of the design problems. These solutions are then utilized as
the core of our devised (iterative) algorithm, the FAGEMIB,
which is presented in Section V. There, we provide the
convergence proofs to a stationary point of the objective
functionals as well, together with a detailed discussion on
the way this algorithm behaves over the whole range of
its input parameters. To substantiate the effectiveness of our
novel compression schemes, multiple numerical results are
presented in Section VI. Eventually, we conclude this article
by providing a succinct wrap-up in Section VII. The detailed
proofs of two main theorems are relegated to the Appendix.

C. NOTATIONS

For the (discrete) random variable, a, each realization, a € A
occurs according to the probability mass function, p(a). The
same holds true for the vector, a;.; = {a1,---,as}, with
the boldface counterparts. Moreover, a,’ ; =a.;\{a,}, and
the parent nodes of the random variable a, in the Bayesian
Network, G. are denoted by Pa?*. Further, Dg(-|-), I(-;-),
H(), DI (), denote Kullback-Leibler (KL) divergence,
Mutual Information, Shannon’s entropy, and Jensen-Shannon
(JS) divergence [62]. E. represents the expectation operator.
Table 1 lists the denotations used for the main variables:
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FIGURE 1. The presumed system model for point-to-point IB-based joint source-channel coding. DMC, IN, and RPU stand for Discrete Memoryless
Channel, Intermediate Node, and Remote Processing Unit, respectively. The Markov chain x <+ y <> z <> t applies.

TABLE 1. List of denotations used for the main variables in this article.
Denotation Description ‘
X source signal
y noisy observation of a source signal
z compression variable
t forward variable
y set of noisy observations to be compressed at IN
vy set of forward variables preserving information about x
Wy set of compression variables preserving information about x

Il. IB-BASED JOINT SOURCE-CHANNEL CODING:
POINT-TO-POINT SETUP IN A NUTSHELL

Consider the illustrated system model in Fig. 1. The noisy
signal', y, from a (single) source signal, x, is observed by
an Intermediate Node (IN) via an access link modeled by
a Discrete Memoryless Channel (DMC). The goal is then
to compress the signal, y, into another signal, namely, z,
ahead of a forward transmission via an error-prone channel
with the rate-limit, R, to a Remote Processing Unit (RPU).
The impacts of the noisy forward link must be taken into
account within the design formulation. The source statistics,
p(x), as well as both the access, p(y|x), and the forward
transition probabilities, p(t|z), are presumed to be known.
By pursuing the IB philosophy [1], the design problem has
been formulated in [63] as a trade-off between two Mutual
Information terms.

To quantify/measure the informativity of outcome, the
relevant information, I(x;t), is utilized, and to quantify its
compactness, the compression rate, I(y;z), is applied. The
design problem of the compressor, p(z|y), is then formulated
as a constrained maximization, namely,

I(x;t), ()

pizly) =  argmax

p(zly): I(y;2)<R

with 0 < R <log, | Z| bits, bounding the compression rate
from above. This problem can then be reformulated as an
unconstrained optimization (up to the compressor mapping’s
validity) by exploiting the method of Lagrange Multipliers
[64]. Explicitly, it applies

p'(zly) = argmax I(x;t) — M (y; ), 2

p(zly)
with A >0, being associated with the upper-bound, R, in (1).
The corresponding A value for a given R can be found, e.g.,
by performing a bisection search over a finite range. The
form of stationary solutions for (2) has been derived in [63]

1Throughout this article, all considered random variables are discrete.
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for each (y,2) €Y x Z as

el = P sexp (5 S i) Dot (1)
(3)

with 8= 1 and %(y, 3), a normalization function, ensuring
the compressor mapping’s validity. Explicitly, the sum of all
calculated terms in (3) (ignoring 1) over all output clusters,
z € Z, for every realization, y € ), acts as the normalization
function. An iterative algorithm has also been proposed in
[63] to address the design problem which, in essence, applies
the Fixed-Point Iterations [65] on (3). The convergence proof
of this iterative algorithm to a stationary point of the perti-
nent objective functional has been presented as well, together
with several numerical results, substantiating the fact that this
data compression scheme enjoys an inherent error-protection
capability. Interested readers are referred to [66] for the data-
driven counterpart.

lll. DISTRIBUTED EXTENSIONS: SYSTEM MODEL AND
PROBLEM FORMULATION
The depicted system model in Fig. 2a is considered. A total
number, Ny, of independent user signals must be served by
J intermediate nodes. Each node, IN; with je{1,---,J},
receives non-interfering noisy observations, {yWJL;}, from its
assigned set of user signals, {X,,¢}, and compresses them to a
(compact) representative, z;, prior to a forward transmission
via an error-prone channel with the transition probabilities,
p(t;|z;), and the rate-limit, R;, to the RPU. All user signals,
Xme» should then be retrieved at the RPU by applying various
processing strategies which get reflected in the design for-
mulations. Through following a joint source-channel coding
approach, the imperfections of the forward channels must be
integrated into the design of (local) compressors. The access
link between the user signal, x,,¢, and its noisy observation,
yfﬁ, at j-th intermediate node is modeled by a DMC whose
transition probabilities, p(yfi%xmg), and input distribution,
p(Xme), are assumed to be known. In the presented notations,
m € {1,---,J}, is the index of the intermediate node to
which a user is allocated. Further, £ € {1,---, N,,,}, is the
index of the user within the allocated user set, and, IN,,, is
the number of users allocated to the m-th intermediate node.
It is important to mention that, in this system description,
a common source with more than one serving intermediate
nodes, is allocated to only one of them, such that it holds
ZmNm = Ny, Which is the total number of individual
user signals. This yields a clear enumeration of all users and
simplifies the mathematical formulation of design problems.
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FIGURE 2. a) System model for distributed joint source-channel coding, together with b) input BN and c) output BN. The input BN, G;,, illustrates the
compression side and the output BN, G,.t, reflects the information preservation side. For every common user, the connection to the allocated serving
IN is depicted by the solid line and the connections to other (i.e., not allocated) serving INs are depicted by dashed lines.

Furthermore, totally aligned with the introduced formalism
in [67], two Bayesian Networks (BNs) are used (as graphical
models) to reflect different aspects (namely, the compression
and information preservation) in the design problems. The
input BN, G, in Fig. 2b portrays “what compresses what”.
Specifically, every compression variable, z;, quantizes its
parents in Gi,. As another functionality, G;,, also encodes
(by its structure) the statistical relations between all random
variables in the system model. How? Through the basic rule
of conditional independence from all non-descendants, given
the values of parent nodes. On the other hand, the output BN,
Gout» in Fig. 2¢ illustrates “what should remain informative of
what”. Particularly, the noisy version, t;, of the compression
variable, z;, shows up as a parent for any user signal that z;
must preserve information about.

We state the design problem as a constrained optimization,
establishing a basic trade-off between the compactness and
informativity of resultant outcomes. Naturally, we quantify
the informativity by summing up all the Mutual Information
terms between each source signal, x,,¢ with me{1,--- | J},
£e{l,---, Ny}, and its parents in G,y that, henceforth, are
denoted by v, ,. The other side of this trade-off, however,
does not offer a unique and natural choice. As a result, one
can apply various meaningful expressions. In what follows,
we apply two different sets of constraints, corresponding to
the parallel and successive processing strategies at the RPU
to recover all user signals. We then use Variational Calculus
to derive the stationary solutions for all (local) quantizers and
employ them as the heart of our devised algorithm to address
both design problems. We further provide the convergence
proofs of this iterative algorithm to a stationary point of the
underlying objective functionals.

A. PARALLEL SCHEME: IGNORING SIDE-INFORMATION
A parallel processing scheme is considered as the first choice
wherein, to retrieve the source signals, no side-information is
used at the RPU. The design problem is then formulated as
the constrained maximization (with ym:PaZg::, i.e., the set
of variables to be quantized by the m-th local compressor)

P* = {p(z1ly1), -+ ,p"(zs1y,)}

2

m

J
= argmax E

P:Ym I(y,,32m)<RBm py—1 g—1

T(Xime; Ve, p )

“
where, 0 < R,,, <log, | Z,,| bits, sets an upper-bound on the
m-th compression rate, I(y,,; Zm)>. We can recast the above
design problem into an unconstrained optimization (up to the
validity of all compressor mappings) by applying the method
of Lagrange Multipliers [64], namely,

J Np J
P* = argmax Z ZI(xmg;VXM) - Z)\mI(ym;zm),
P m=1¢=1 m=1

&)

in which, \,, >0, is associated with R,,, in (4).

B. SUCCESSIVE SCHEME: USING SIDE-INFORMATION

A successive processing scheme is considered as the second
choice in which, when recovering a certain source signal,
we also take advantage of the side-information at the RPU.
Compared to the parallel processing scheme, generally, this
yields a superior “informativity-compactness” trade-off, but
at the expense of higher processing complexity. In essence,

2 A multi-letter description is required for the asymptotic coding problems

in Section III besides the considered one-shot formulations.
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this approach is aligned with the Wyner-Ziv setup for source
coding [68] that utilizes some statistically correlated signals
as the side-information at the decoder. The design problem

is then formulated as the constrained maximization
J Nm

argmax Z ZI Xme; Vx,,,)s (6)

P:Ym (Y5 2m[tim—1) SBm 1 g—1

P =

with 0 < R,,, <log, | Z,,| bits, imposing an upper-bound on
the m-th conditional compression rate, I(Y,,,; Zm |t1:m—1). It
is important to note that, here, an extra degree of freedom
exists, which is the processing order. Generally speaking, it
affects the performance, and therefore, it should be optimized
(e.g., via a brute-force search). Henceforth, we continue our
technical discussion with a fixed choice of ordering. Like in
the parallel scheme, the above design problem can be recast
into an unconstrained optimization (up to the validity of all
compressor mappings) by applying the Lagrange Multipliers
method [64], namely,

P =

J Np J

argmax SO TGmeivsn) = D Amd (¥ Zm|trim—1),

m=1 (=1 m=1 (7)

in which, \,, >0, is associated with R,,, in (6).

Please note that, in the extreme case of full-informativity,
which corresponds to letting \,,, —0 for all m=1 to J, the
objective functional of the successive processing coincides
with that of the parallel processing. To clearly see this, it
should be noted that the Lagrangians in (5) and (7) differ in
their second terms that vanish, when letting \,, — 0.

IV. CHARACTERIZATION OF STATIONARY SOLUTIONS
In this section, by making use of the Variational Calculus, we
derive the stationary solutions of the parallel and successive
processing schemes. Later on, these solutions will become
the central components of our devised iterative algorithm,
the FAGEMIB, to efficiently address the pertinent design
problems.

A. PARALLEL PROCESSING

Considering the design problem for parallel processing, the
following theorem provides the form of stationary solutions
for (local) quantizers:

THEOREM 1 (PARALLEL SCHEME): Presume the joint
distribution of input variables (i.e., all nodes in G, except
the leaves and their direct parents) as well as the forward
transition probabilities, p(t,, |z ), and A, are given for all
me{l,---,J}. The set of local compressors, {p(z;]y;) |5},
is a stationary point of the Lagrangian for IB-based parallel
processing scheme

J Npm J
Loy, = ZZI(XmUmeg) - Z)\ml(ym;zm) (®)
m=1¢=1 m=1

if and only if for each pair, (y;, z;) €Y; X

p(25)
m exp (— dpac(Yj, 2j )) ) 9

Z;, it applies

p(zjly;) =

VOLUME 6, 2025

wherein, wf:r-(yj, B;), is a partition function that ensures the
validity of the quantizer mapping, and the relevant distortion,
dpar(Yj, z;), is calculated by

2= 3 By | 3 0t

(m,0): tj€ vy e

DKL<p<xmeyj,w;f;w>||p<xme|vx7,ﬂ>)},

(10)
with ﬁj >\ > Yy = Pagm’ Ve = Pag::} X;,g VXm/z\{t }

Also, wy_, —Pag"“‘ for the counterpart scenario of error-free
forwarding, that is, replacing t,, with z,, in G, for every
me{l,---,J}, and w!  =w, ,\{z;}.

The proof is presented in Appendix A.

B. SUCCESSIVE PROCESSING

Focusing on the design problem for successive processing,
the next theorem provides the form of stationary solutions
for (local) quantizers:

THEOREM 2 (SUCCESSIVE SCHEME): Assume the joint
distribution of input variables (i.e., all nodes in Gj, except
the leaves and their direct parents) as well as the forward
transition probabilities, p(t,, |z, ), and A, are given for m €
{1,---,J}. The set of local compressors, {p(z;|y;) |j}, is
a stationary point of the Lagrangian for IB-based successive
processing scheme

J Nm J
Lsye. = Z Z I(me; meg) - Z /\mI(ym§ Zm|t1:m—1)
m=1/4=1 m=1

an

if and only if for each pair, (y;, z;) €Y, % Z;, it applies

p(z;)
ij exp (— dsuc(Yj, 2 )),

wherein, z/;fj”c'(yj, B;). is a partition function that ensures the
validity of compressor mapping, and the relevant distortion,
dsuc(Yj, 2j), is calculated through

dSUC-(yj7 Z.]) = 5] Z ]Ep(w;]n[ |yj ){ Z p(vxml/. |wxm,1{ ) X

(m,£): tj € vy Vs

p(zly;) = (12)

me

DKL(p<xmeyj,w;zn,,g>||p<xme|vw>)}

- Z p(tij-1]y;)log p(ti:j-1]2;)

151

J
=B > B> p(tilz)p(t

k=j+1 tik—1,2k

I{k—1a zk|yj)log p(zk|t1:k—1),

(13)
with 5]' = /\1 mee\{t }
Also, wy, ;Paf;‘:z for the counterpart scenario of error-free
forwarding, that is, replacing t,, with z,, in G,y for every
me{l,---,J}, and W;an =w,,,\{z;}.

The proof is presented in Appendix B.

Pagm, Vy,, = Pa%u v

Xme? X me
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C. FURTHER DISCUSSION

Theorems 1 & 2 extend the presented results in [48, Thms 1
& 2]. As opposed to there, here, apart from the (potentially)
common source signals, different (local) quantizers compress
various noisy observations from uncommon sources as well.
The major difference of the successive processing scheme
compared to the parallel processing, is the fact that the side-
information is taken into account during the compression to
further take advantage of the potentially present correlations
among output signals of (local) compressors. Compared to
the calculated relevant distortion (10) for parallel processing,
the derived relevant distortion (13) for successive processing
contains two additional terms that appear due to conditioning
the compression rates.

Moreover, it is noteworthy that Theorems 1 & 2 generalize
the presented results in [49, Thms 1 & 2] from noisy/remote
source coding to the context of joint source-channel coding.
The main contrasting point between the derived solutions
here and the ones in [49] is the appearance of the forward
statistics, p(vy,,,|wx,,, ), in the relevant distortion terms that
is the very way by which the impacts of the imperfect
signal forwarding are taken into account. The “backward
compatibility” of the derived solutions here for both parallel
and successive processing to the obtained results in [49] for
the case of error-free forwarding can be easily verified by
setting p(vx,,,, (W) =0w, , w, , (With the Kronecker delta
denotation).

V. A GENERIC DESIGN ALGORITHM

The purpose of this part of the article is to present an iterative
algorithm that can be applied to both parallel and successive
scheme’s design problems. To that end, we take advantage of
the common structure in the calculated stationary solutions
for both schemes. We further present the convergence proofs
to a stationary point of the objective functionals, along with
an in-depth analysis of the behavior of this algorithm over
the whole range of its (main) input parameters, namely, 3;
for j=1 to J, which are associated with the rate-limits, IZ;,
of the pertinent forward channels at the considered system
model in Fig. 2a.

A. THE DEVISED ALGORITHM

The derived stationary solution for each compressor’s input-
output pair, (y;,z;) € Y;x2Z;, has an implicit form (for both
parallel and successive schemes), namely,

p(zl;) = ;;j{)ﬁj)exp(dmzj)),

(14)
in which r € {Par., Suc.}. The relevant distortion, d.(y;, z;),
depends on all quantizer mappings. So, the right side of (14)
can be seen as a functional of all (local) quantizer mappings.
When we sweep through all quantizers, a non-linear system
is achieved which directly extends the form of Multivariate
Fixed-Point Systems [65]. Explicitly, multivariate functions

Algorithm 1 Forward-Aware GEneralized Multivariate IB
(FAGEMIB)

Input: Joint input distribution, forwarding statistics p(t;|z;),
Bj=5>0, e>0, r €{Par, Suc.}
N J

Output: A (generally soft) partition z; of Y; into |Zj| bins
Initialization: : =0, random mappings {p(o)(2j|yj) 7}
while True do
for j=1:J do
o pz5) = oz ly)n(y;) Yz €2,

”y
o Calculate the i-th update for all distributions involved
in the relevant distortion d,(y;,z;)

@)z, i
P X )ﬁ,) eXP(—dv(~ )(ijzj))

o pUH(z)y;) « T B
3 ,

J
Yj
end for (i1
if j, Yy, : Dy (p (z51y;) 1P (z5]y;)) < e then
Break
else
14 1+1
end if
end while

are replaced by multi-mapping functionals:

p(zily1) =Fi(p(zilys), - p(zaly )

p(z2lyy) =Fa(p(zilyy), - p(zsly ;)
, (15)

p(zily))=Fi(p(zilyr), -~ p(zsly,))

wherein, F;, denotes a specific functional. Therefore, we can
resort to the conventional techniques for solving this system.
Here, an iterative algorithm is proposed with the synchronous
updating rule, fully aligned with the Jacobi method for linear
systems [65].

Specifically, a set of random mappings, {p(o)(zj|yj) 7} is
taken for the sake of initialization. Then, those mappings are
iteratively updated (till convergence by € < 1) via

p(z;)
zily;) = .

J|yj) w;«j(erl)(yj’ﬂj)
with ¢, denoting the iteration counter. Through a synchronous
updating, at each iteration, we recalculate (local) quantizers,
{p'"*(z;]y;) |5}, based upon the previous configuration of
the same set, {p(i)(zj|yj) |7}. We present the pseudo-code
of this algorithm, the FAGEMIB, in Alg. 1.

In the following part, the convergence of FAGEMIB to a
stationary point of the corresponding functionals is proven
for both parallel and successive schemes. Hence, as a popular
workaround for avoiding poor local optima, FAGEMIB can
be repeated with different starting points (to retain the best
outcome, since the quality of the outcome directly depends
on the choice of initialization).

P exp(=d{(y;, 2)). (16)
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B. CONVERGENCE PROOFS

Here, we will pursue the following roadmap to provide the
convergence proofs for both parallel and successive process-
ing schemes: the design problems are first reformulated as an
alternating minimization w.r.t. the set of (local) compressor
mappings, P, and another set of auxiliary distributions, Q).
To that end, a (tight) variational upper-bound, F.(P,Q), is
introduced on the corresponding objective functional, F,.(P).
Thereupon, through an unfolding trick, it is shown that the
central update step in FAGEMIB is reached by merging the
corresponding updates for P and Q). Therefore, it is directly
deduced that our proposed algorithm lies within the class of
Successive Upper-bound Minimization (SUM) [69], ensuring
its convergence to a stationary point (by satisfying certain
mild assumptions). It is noteworthy that, in [42], [43], [48], a
similar roadmap has been followed to prove the convergence
of their devised iterative algorithms.

1) PARALLEL PROCESSING
The design problem for parallel scheme can be recast into
minimizing the following functional (over P)

J Np,
fPar.(P) = Z H(me) - EParA
m=1 ¢=1
J J Npn (17)
= ZA yW Zm + Z ZH X’mdvxmz) .
m=1 m=1 (=1

By defining a set of auxiliary conditional probability distribu-

tions Q:{q(xmf‘vxmz) |Tn6 {la e ,J},€€{1, e 7Nm}}
and
B J
‘FPar.(Pa Q) = Z)\ml(yma )
m=1

N,

3
3

-y

m=1¢=1

E e ,vs,, 1108 G (Xt |V, ) }s

(18)
the next four Lemmas apply:
LEMMA 1: The following equivalence holds
min Fpq:(P) = min ngn Fra(P, Q) (19)

PROOF: For the difference of Fpy(P, Q) and Fpy(P), it
applies

Frar P, Q) — Feur(P) =
J N

ST (v ) Dr(p(Rime Vs, ) g (Km0, )) = 0

m=1¢=1 Vg

(20)
The equality holds true iff ¢(xme¢|vx,,,) =P(Xme|Vx,,,) for all
me{l, -, J} and Le{l, -, Ny}
LEMMA 2: The functional Fp,(P, Q) is separately convex
in () and P.
PROOF: This is straightly deduced by applying the log-sum
inequality [62].

VOLUME 6, 2025

LEMMA 3: For a given P, there is a unique () minimizing
Frar( P, @), namely,

q*(xmdvxmtz) = p(Xmg ‘mez)’ (21

wherein, p(xme|vy,,,), is calculated from P.

PROOF: This is straightforward to realize from the proof of

Lemma 1.

l:EMMA 4: For a given (@, there exists a P that minimizes

Frar(P, Q), namely,
p'(zjly;) = m exp (—dPar.(yj, Zj)),

for every pair (y;,z;) € Y; x Z;, where @Z_Jf]‘?‘"(yj, Bj), acts

as a partition function to ensure the compressor mapping’s

validity. For the relevant distortion, dp.(y;, z;), it applies

dpar(Y;, 27) =B; Z ]Ep(w;iw yj){ ZP(UW |wy,,, ) %

(m,f):tjevxmz V0

Drap(omtlyys w3 ) aGtmel s >)},
(23)

(22)

wherein, wy_, —Pag"“‘ for the counterpart case of error-free

forwarding, that is, replacmg tm with z,, in Gy for every
me{l,---,J}, and w!  =w, ,\{z;}.

PROOF: The derivation goes through the exact same track
as in the proof of Theorem 1, noting that

(2 3 B, tomatnive, )

m=1 /(=1

ap(zjly;)

yj Z Ep(wx me ly;) { Zp Vxime |w><m£

(m,0):tj€ v,

*me

S plmrlys w7 ) 10g (e, >} .

o (24)
By merging the solutions for P and () from the last two
Lemmas, the FAGEMIB’s central update step is achieved,
indicating that it follows the SUM framework. Furthermore,
[69, Thm 1] ensures the convergence to a stationary point as
Frar(P, Q) and Fpy(P) satisfy [69, Prop. 1]. [ |

2) SUCCESSIVE PROCESSING

Like the parallel scheme, the design problem for successive
processing can be reformulated as minimizing the following
functional (over P)

J Nm J
fSuc.(P) = Z H(Xmé) — Lsye. = ZA I(ym§ Zm)
m=1¢=1 m=1
J J Np
- Z)\ml(znﬂtl:m 1)+ Z H me"lxme) .
m=2 m=1 ¢=1

(25)
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By deﬁning Q = {(](Z2|t1)7 T 7Q(Z.I|t1:J71)»(J(Xme|me,5)}

for me{l,---,J},£€{1, -+, N,,} and the functional
B J
‘FSUC.(Pa Q) = ZAmI(yma Zm)

m=1

J
- Z )\m Etl;ml,lm{IOg
m=2

J N,
- Exmz,vxmz{bg q(Xme Ve ) s

q(zm|t1;m,1)
p(zm) }

3

o~
Il
—_

m=1

(26)
the next four Lemmas apply:
LEMMA 5: The following equivalence holds
i uc P) = mi in F uc P, ) . 27
min Fsue(P) = minmin Fsu(P, Q) 27

PROOF: For the difference of Fsu.(P, Q) and Fsue(P), it
applies

]__—SuC.(Pa Q)

J Np
Z Z Zp(/vx7n1{)DKL(p(xm‘€|’vxmk M@ (Xme| Vs, )) +

m=1/4=1 v,

J
PR
m=2

- ]:Suc.(P) =

Zp(tlszl)DKL(p(zm|t1:m*1) HQ(Zm‘tlszl))Z 0,

tiim—1
(28)
wherein equality applies iff ¢(Xm¢|Vx,,,) = P(Xme|Vx,,,) and
also Q(Zm‘tlwn—l) :p(zm‘tlﬂn—l) for m € {la T ']} and

te{l,--- ,Np}.

LEMMA 6: Fs,.(P,Q) is separately convex in () and P.
PROOF: 1t is immediately deduced by applying the log-sum
inequality [62].

LEMMA 7: For a given P, there is a unique () minimizing
Fsue(P, Q), namely,

4 (Xme V) = P(Xme|Vs,,,, ) (29)
q*(zm,|t1:m—1) :p(zm|t1:m—1),
forme{l,---,J}, {1, -, Ny}, with p(Xpe|vx,,,) and

p(zm|t1.m—1), calculated from P.

PROOF: This is straightforward to realize from the proof of
Lemma 5.

LEMMA 8: For a given (), there exists a P that minimizes
Fsue(P, Q), namely,

P(zly;) = _S“f((;z)ﬂy) exp (‘ dsuc Yy 2j )),

Zj

(30)

for every (y,,z;) €Y, x Z;, with @Z_JZS;‘C'(yj,ﬁj), acting as a
normalization function to ensure the compressor mapping’s

validity. For the relevant distortion, ds..(y;, z;), it applies

ﬂj Z Ep(wx nt ‘yJ { Zp UX”L@ |wx7nl

(m,0):tj€ vy,

DKL<p<xmz|yj,w;fM>q(xmavxm»)}

dSuc y]a Zj

Zj|t1:5-1
— > p(trja|y;)log W
t1.51 Pz
J .
=B Y Bt D p(tilz)p(ty, zkly)log a(zkltie—1),
k=j+1  tik—1,2k

(€19}
wherein, wy_, :Pafj:; for the counterpart case of error-free
forwarding, that is, replacing t; with z; in Gy, for every
S {17 T J}’ and W;Z;,,g =Wixne \{Zj}'

PROOF: The derivation goes through the exact same track
as in the proof of Theorem 2, noting that

(Bl )

= p(y;)x
op(z;ly;) J
q(z;|t1.5—
Zp(tlJflly]) log M’
t1j-1 p(Zj)
(32)
and for j<m<J
5p(Zj|yj) J
J q(zm|E1m—
Z p(tj‘zj)p(tljzm—h Zm‘yj) log M
t1m—1,2m p(zm)
(33)

By merging the solutions for P and ) from the last two
Lemmas, the FAGEMIB’s central update step is achieved.
Like before, this indicates that FAGEMIB follows the SUM
framework. Moreover, [69, Thm 1] ensures the convergence
to a stationary point as Fgye(P, Q) and Fsu.(P) satisfy [69,
Prop. 1]. ]

C. FURTHER DISCUSSION
In this part, based upon an in-depth analysis, further insights
are provided into the way the FAGEMIB algorithm behaves
over the entire range of its main input parameters. By this,
we intend to answer two important questions: what to expect
from FAGEMIB when working on various regimes of its
input parameters, /3; >0 for j=1 to .J, and more importantly,
how to justify the observed behaviors. A brief discussion
about an important extension of FAGEMIB will also be
presented to the case of uneven user retrieval preferences.
1) Letting 8; — 0 and assuming fixed p(z,,y,,,) and finite
Am for all m=1toJ and m # j, the parallel processing’s
design problem will boil down to minimization of the j-th
compression rate, / (yj; z;), w.r.t. the j-th (local) compressor
mapping, p(z;|y;). This corresponds to one extreme state,
that is, the full diffusion, wherein, every compressor input
realization, y; €Y;, will be allocated equiprobably to every
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output cluster, z; € Z;. In this manner, the input and output of
the j-th (local) compressor become statistically independent,
and, as a direct result, for the respective compression rate, it
applies I(y;;z;) =0, yielding its global minimum.

For finite (and non-zero) values of 3;, FAGEMIB typically
generates soft/stochastic compressor mappings, p(zj|yj).
Contrarily, when we let 3; — oo, it yields hard/deterministic
compressor mappings, p(z;|y;), that corresponds to the other
extreme state, namely, the full concentration, wherein each
input realization, y; €Y, is allocated to one (and only one)
output cluster, 27(y;) € Z;. How to justify this? By letting
B — oo and assuming fixed p(z,,|y,,,) and (finite) X, for all
m=1toJ and m#j, the parallel scheme’s design problem
boils down to the following optimization

p*(zj]y;) = argmax Z I(Xme; Vs, ) -

P(Zi1Y;) ()t e Ve,

(34)

This turns out to be a convex maximization task. To perceive
that, first note that I (X,n¢; Vyx,,,) is convex w.r.t. p(vy ,|Xme),
when p(xp,¢) is given [62]. Furthermore, the relation among
p(zjly;) and p(vx,,,[Xme) is established by
p(xmf7 V;{nl7 t])
p(xmf)
32 pxmes Vi, yi)p(25]y)p(ts]25)

_ Y%

P(Vsp [Xrme) =

(35)

p(xmf )

This is an affine transform which preserves convexity [70,
Sec. 3.2]. Therefore, it is directly inferred that I(X,,¢; vy, ,)
is also convex w.r.t. p(z;]y;). Since the sum of several convex
functions yields a convex function as well, we immediately
realize that the objective in (34) is a convex function of the
j-th local quantizer mapping, p(z;|y,). It is well known that
a convex function which is defined over a closed and convex
set reaches its global maximum at an extreme point of that
set [71, Ch. 4]. This directly implies that the focus can be
restricted solely to the hard/deterministic mappings. To see
this, it should be noted that the space of valid probability
mappings, p(z;|y;), is a closed and convex polytope formed
by the Cartesian product of |);| probability simplices [72].
The extreme points of this polytope are at its corners, and
each corner corresponds to the Cartesian product of some
corners of the constituent probability simplices. This simply
means that every corner of this polytope corresponds to a
hard/ deterministic mapping.

2) An analogous behavior is observed by the successive
scheme and a similar justification is made for that as well.
Explicitly, by letting 8; — 0 and assuming fixed p(z,,ly,,)
and (finite) A, for all m=1toJ and m# j, the successive
processing’s design problem boils down to minimizing the
j-th conditional compression rate, I(yj; z;j|ty,;-1), wW.rt. the
j-th local compressor mapping, p(z;ly;). Like before, this
corresponds to one extreme state, that is, the full diffusion,
where each quantizer input realization, y; €Y, is allocated
equiprobably to every output cluster, z; € Z;. In this manner,
the input and output of the j-th quantizer become statistically
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independent, and consequently, for the respective conditional
compression rate, it holds 7(y,;z;[t1.j—1)=0.

Similar to the parallel scheme, for finite (non-zero) values
of 8;, FAGEMIB typically yields soft/stochastic compressor
mappings, p(z;|y;). But when we let 3; — oo, it generates
hard/ deterministic mappings, p(z;|y;), corresponding to the
other extreme state, namely, the full concentration, wherein
each input realization, y; € Y;, will be allocated to one (and
only one) output cluster/bin, 27(y;) € Z;. To clearly justify
this behavior, we present an analogous line of argumentation
as the one already provided for the parallel processing. By
letting 8; — oo and presuming fixed p(z,,|y,,,) and (finite)
Am for all m=1toJ and m # j, the successive scheme’s
design problem boils down to the following optimization®

P*(Zj|yj‘) =

J
argmax Z I(Xpme; Vs, ) + Z Amd (Zm; t1im—1) -
PEY;) (m,0): e, m=j+1 36)

This, again, turns out to be a convex maximization task. To
discern that, it is fully sufficient to show that I(z,,; t1.;;,—1)
is convex w.rt. the j-th quantizer mapping, p(z;ly,). Why?
Since if so, the second summation on the right side of (36)
is also a convex function of p(z;]y;), as A, is non-negative
and the sum of several convex functions also yields a convex
function. It should be noted that I(z,,;t;.,,—1) is a convex
function of p(t1.m—1|zm), when p(z,,) is given [62]. The
relation among p(z;|y;) and p(ti.m—1|z,) is established by

p(tlszl |Zm) =
Zp(ylz'm)p(zm |y’rn)p(t?:m—l |y1]m—1)2p(t] |Z.'j )p(z] |yj)
Yi:m Zj

>

(37

This is an affine transform which preserves convexity. Thus,
we directly deduce that I(z,,;t;..,—1) is also convex w.r.t.
p(z;ly;), and this concludes the claimed proposition’s proof.

3) Finally, it is noteworthy that FAGEMIB can be readily
adapted to the case wherein, via a “normalized preference”
set, {0< e <1 |me{l,---,J},Le{l,- - ,Ny}}, the
signal recoveries are prioritized based upon their importance.
In such cases, the informativity is measured by the weighted
sum of relevant information terms, i.e.,

p(zm)

J Nm

Z Z (6754 I(Xmﬁ mee) .

m=1 ¢=1

(38)

By this, the form of derived stationary solutions for parallel
and successive processing schemes given in (10) and (13)
does not change, up to a multiplicative prefactor, c,¢, in
front of the expected values in the first term of both solutions.
Hence, for uneven recovery preferences, the pertinent set of
non-negative entries is fed as another input to the FAGEMIB.

3From the input BN, Gy, it is inferred that z,,, is independent of t1.,,, 1
given y,,,, leading t0 I(y,,,; Zm|ti:m—1) =1 2Zm) —L(Zm; ti:m—1)-
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(a) Simulation setup

(b) Input BN, G;,

(c) Output BN, Gy

FIGURE 3. a) The considered setup for numerical simulations regarding distributed joint source-channel coding with two uncommon (x;1 and x21) and

one common (x12) source, together with b) input BN and c) output BN.

VI. NUMERICAL RESULTS

In this part, we substantiate the effectiveness of FAGEMIB
through a couple of numerical investigations. To that end, we
consider a particular setup that has been depicted in Fig. 3a.
Explicitly, three users are connected to the RPU via two INs.
Two of these users, x;1; and xo1, are uncommon since they get
served by a single IN, namely, IN; and INs, respectively. The
third user, x12, is a common user as it gets served by both
IN; and IN,. Nevertheless, this user has been (arbitrarily)
assigned to IN;. The pertinent input and output BNs have
been illustrated in Fig. 3b and Fig. 3c, respectively. They
formalize both the informativity and compression sides of
the design problem(s). Principally, they indicate that every
IN should jointly compress its incoming noisy observations
such that the pertinent received signal after (imperfect)
forwarding preserves information about the original source
signals (being served by it).

In what follows, first, we confirm the fact that bringing
the impacts of imperfect forwarding into the design problem
yields substantial performance gains (on the overall system
dynamics) compared to the case of full forward-unawareness.
Subsequently, we present and discuss separate performance
curves of all three users. We consider the parallel processing
scheme for these investigations. Finally, by comparing the
obtained performance curves from the successive and parallel
processing schemes, we corroborate the fact that leveraging
the potential correlations in signals of different INs (through
side-information) by successive processing scheme leads to
a superior “information-compression” trade-off.

A. FORWARD-AWARENESS VS. -UNAWARENESS

A standard bipolar 4-ASK (Amplitude Shift Keying) source
signaling is considered for all three users. Regarding every
access channel from any user to the serving IN(s), a DMC
is considered to approximate a discrete-time, discrete-input,
and continuous-output AWGNC (Additive White Gaussian
Noise Channel) that gets characterized by the noise variance,
o2. Following a purely “Monte Carlo” approach, instead of

prequantizing the output signals, we generate 40 samples per
access link to get the transition probability matrices.

Regarding every forward link from each IN to the RPU,
a symmetric N x N channel model is considered, where N
denotes the allowed number of output clusters. This channel
model is characterized by the reliability parameter, 6, in the
following fashion: With the probability 1—6, every input
symbol is received correctly, and with the probability %, it
is received erroneously (i.e., as every other output symbols).
Hence, the lower the 8 value, the more reliable the forward
transmission and vice versa. Here, a fully symmetric setup is
considered with the same noise variance, a , and reliability,
0, for all access and forward links, respectlvely. Moreover,
the trade-off parameters, A\, for m = 1,2, are set to 0.01.
This indicates that, for this investigation, the main focus will
be on the preservation of relevant information.

The required vector quantization at each IN is performed
by three algorithms: the well-known K-Means [73], the
GEMIB (Parallel) from [49] (that totally ignores the statistics
of forward links) and its forward-aware generalization here,
i.e., the FAGEMIB (Parallel). The main purpose of this
numerical investigation is to confirm the fact that, integrating
the impacts of the error-prone forward transmission into the
design of local quantizers at INs yields some performance
enhancement compared to the case of forward-unawareness,
wherein the statistics of forward channels do not play any
role in the design of local quantizers. All algorithms were
randomly initialized 100 times, and then the best outcomes
were retained. This procedure was repeated for 100 regener-
ations of access links, and the outcomes were averaged. We
present the obtained results in Fig. 4.

In Fig. 4a, the relevant information, >~ >, I (Xme; Vx,,, )
has been depicted vs. the total forward rate, >, I(Y,,;Zm),
for a fixed value of access noise variance, namely, a,? =0.3,
and three different values of the forward reliability, namely,
0=0.1,0.2,0.3. To obtain these results, the number of output
clusters (per IN) was varied over a particular range, namely,
N =16 to 48. Furthermore, in Fig. 4b, a similar investigation
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FIGURE 4. Total relevant information of FAGEMIB (Parallel), GEMIB (Parallel), and K-Means vs. total forward rate for different access noise variances a)
o2 =0.3 and b) 02 = 0.4. Bipolar 4-ASK source signaling (o-f"LZ =5), with \; = A2 =0.01, the convergence parameter e =102, and 16 < IV <48.

has been performed by increasing the access noise variance
to 02 =0.4. In this fashion, the impacts of the qualities of
both access and forward channels on the obtained overall
system performance are investigated.

Focusing on the presented results in Fig. 4a, it is clearly
observed that, for a fixed access statistics, the obtained total
relevant information increases via increasing the quality of
forward transmissions (through decreasing the value of 6).
This, indeed, is expected, since in the case of more reliable
forward transmissions, less information loss will occur over
second hops (INs to the RPU). Thus, more information about
user signals is contained in the received signals at the RPU.
Moreover, it is observed that by loosening the compression
bottleneck through increasing the size, IV, of each quantizer
output alphabet (per IN) larger total relevant information is
obtained. Naturally, by increasing N, more information can
be flown into the system and get delivered to the RPU.

Concentrating on the results in Fig. 4b, similar patterns are
observed as before. The main difference is that the obtained
total relevant information drops for the corresponding curves
with the same forward reliability. This is due to the fact that,
by increasing the access noise variance, o2, the capacities of
access links decrease. Consequently, less information about
the user signals gets flown into the system.

Considering both results together, as the main takeaway,
it is realized that FAGEMIB yields superior performance (in
establishing better information-compression trade-off points)
compared to GEMIB. This clearly corroborates the fact that
integrating the impacts of error-prone forward transmissions
into the design problem of distributed compression schemes
is indeed beneficial. This result seems expected when noting
that, by deploying the FAGEMIB algorithm, the compressed
signals are designed such that, in addition to capturing well
the information of all user/source signals, they further take
the errors (which occur over imperfect forward channels) into
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account. In contrast, when applying the GEMIB algorithm,
by ignoring the impacts of forward links, the goal is solely to
preserve information about the source signals. Naturally, the
less reliable the forwarding becomes, the wider becomes the
performance gap between these algorithms. This is due to the
fact that, by worse forwarding conditions, the overall system
becomes prone to higher information loss over second hops.
Consequently, the gained benefits from “forward-awareness”
increase accordingly.

Finally, it should further be mentioned that an analogous
line of argumentation (FAGEMIB vs. GEMIB) applies when
comparing FAGEMIB with K-Means. The main difference is
that, with the K-Means algorithm, the goal is to minimize the
Mean Squared Error (MSE) between the noisy observations
and the compressed representatives at each IN by following a
separate design approach, leading to an inferior performance
compared to the GEMIB algorithm, which follows the joint
design of local compressors at different INs.

B. INDIVIDUAL PERFORMANCE RESULTS

The individual dynamics of all user signals are investigated
in this part. The same specifications are considered as before,
i.e., the ones already described in the previous part. In Fig. 5,
the per-user/individual relevant information, I(Xm¢;Vx,,,)s
has been illustrated vs. the cardinality, N, of the quantizer’s
output alphabet (per IN).

Analogous to the previous investigations, in Fig. 5a, the
access noise variance has been fixed to o2 = (0.3, and the
value of forward reliability has been varied (§=0.1,0.2,0.3).
Furthermore, in Fig. 5b, similar investigations have been
made by increasing the access noise variance to o2 =0.4. As
before, the intention behind this is to investigate the effects
of both access and forward channels on the obtained relevant
information per user/source signal.
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FIGURE 5. Individual relevant information of FAGEMIB (Parallel) vs. number of output clusters for different access noise variances a) o2 = 0.3 and
b) af =0.4. Bipolar 4-ASK source signaling (o-fml =5) with A\; = X2 = 0.01, and the convergence parameter e =103,

Considering all results together, we can easily distinguish
the uncommon users, namely, X1, X21, from the common one,
namely, x;12. More specifically, the common user, with the
results in the middle, which gets served by both INs enjoys
a performance boost compared to the uncommon users, with
the results on both ends (i.e., left and right), which get served
by a single IN. This seems expected by noticing the fact that
both received signals, t; and to, at the RPU are informative
about the common user signal, X;2, while solely one of them
is informative about the other two uncommon users.

It is further observed that the performance curves of the
uncommon users are quite similar. Principally, this is due to
the present symmetry in the considered simulation scenario.
Moreover, the same trends as the ones already observed and
justified for the previous investigations are present here as
well. Basically, either the looser the compression bottleneck
(larger N) or the better the qualities of access and forward
channels (smaller af and 0), the higher the obtained relevant
information per user.

C. PARALLEL VS. SUCCESSIVE PROCESSING

The obtained overall performances by parallel and successive
processing schemes are compared here as the final part of
the numerical investigations. Specifically, the BPSK (Binary
Phase Shift Keying) signaling is considered for uncommon
sources, X11, X21, and the 8-ASK signaling is considered for
the common source, xj2. To get the transition probabilities

of the access links, like before, we follow a “Monte Carlo”
approach and generate 20 samples per link for uncommon
sources and 80 samples per link for the common source. We
further set the number of output clusters (per IN) to N =32.
The trade-off parameters \,, (for m =1,2) are then varied
over a particular range, and the total relevant information and
the required forward rate for supporting it are calculated. The
obtained results have been depicted in Fig. 6.

In Fig. 6a, the noise variance of all access links has been
set to 02=0.3 and the value of forward reliability has been
varied (6 = 0.1,0.15,0.2). Moreover, similar investigations
have been made in Fig. 6b for a larger access noise variance,
namely, o2 = 0.4. In the presented results, larger values of
Am correspond to the solutions with the higher focus on the
compactness, and smaller values of \,, correspond to the
solutions with the higher focus on the informativity.

Considering both results together, as the main takeaway,
we can clearly observe that the successive processing scheme
yields superior information-compression trade-offs compared
to the parallel processing. Expectedly, this outperformance is
achieved by better leveraging the present correlations in the
signals of INs (since both commonly serve x;2). Specifically,
by recalling the following relation (that is deduced based on
the presumed Markovian relations)

I(ym; Zm|t1:m—1) = I(ym; Zm) - I(Zm; tl:m—l) , (39

>0
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FIGURE 6. Total relevant information of FAGEMIB (Parallel and Successive) vs. total forward rate for different access noise variances a) cr,? =0.3 and

2 2
=0

b) o7 = 0.4. BPSK signaling for uncommon sources (o | e

=1) and 8-ASK signaling for the common source (o2

2  =21), with N = 32 output

clusters per IN, the convergence parameter e =10"2,and 0.1 < \,,, < 0.4 form=1, 2.

it is straightly realized that conditioning on previous signals
can lead to a forward rate reduction. Finally, it is noteworthy
that a similar trend as in previous investigations is observed
here as well regarding the impacts of the qualities of access
and forward links on the obtained overall performance.

Vil. SUMMARY

In this article, based on the Information Bottleneck method,
we devised novel distributed multi-user joint source-channel
coding schemes for a generic scenario appearing in a broad
variety of real-world applications. The setup we focused on,
with the highest flexibility w.r.t. the assignment of users to
the serving nodes, goes beyond the State-of-the-Art methods
(which work exclusively for a single common user signal) by
considering uncommon user / source signals for various local
compressing unints, alongside the potentially common ones.
We selected the Mutual Information as the fidelity criterion
and characterized the stationary solutions for the introduced
design problems with the help of Variational Calculus. Then,
we proposed an (iterative) algorithm, the FAGEMIB, which
leverages the derived stationary solutions to efficiently tackle
both design problems. We further provided the convergence
proofs (to a stationary point of the objective functionals),
along with a detailed analysis on the behavior of FAGEMIB
over the entire range of its main parameters. To corroborate
the effectiveness of FAGEMIB, we further presented several
numerical results over typical digital transmission scenarios.

APPENDIX

In the following, we will provide the detailed proofs of two
main theorems regarding the form of stationary solutions for
both parallel and successive processing schemes. In these
derivations, the functional derivative in Variational Calculus
appears as the central player, since it generalizes the concept

VOLUME 6, 2025

of gradient to the cases of dealing with the optimization of
functionals (i.e., functions of functions) w.r.t. input functions.

A. PROOF OF THEOREM 1 (PARALLEL PROCESSING)

The parallel processing’s Lagrangian, Lp,:, depends on all
quantizer mappings, {p(zm|y,,) |m}. Thus, by definition of
a stationary solution, all (functional) derivatives w.r.t. these
mappings should vanish. We associate a Lagrange multiplier,
Ay, to every input realization, ¥, € Y,, of the m-th local
compressor mapping’s input set of variables, y,, = Pazg;:,
to further include the validity conditions into the analysis.
Subsequently, the overall Lagrangian for parallel processing

scheme, Egavr", is introduced as

J N J
,C[(?a\;. = Z Z I (Xme; Vx,,, ) — Z Al (Y,):Zm)
m=1£=1 m=1
J
2D A (Z P(zm|Ym) — 1),
m=1 yYym Zm

(40)

in which, vy, , =Pa7*. Now, we calculate the (functional)
derivative w.r.t. the j-th compressor mapping, p(z;]y;). First,

note that (viy  =wv, ,\{t;})

J N,
6( > I<xme;vw>)
m=1/¢=1

5p(zj|Yj)
P(Y;) Z Ep(’w;ilé |yj){ Z P(Vs,p [ W) X

(m,€): tjevy , Vs o

_i P\Tme|Vx,,
S plmelyy, w3, log PEmelPnd) }
Pmelv,)

(41)

Tme
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wherein, w,_, —Pag"“‘ for the counterpart case of error-free

forwardlng, that is, replacmg t; with z; in Gy, for every

Jje{l,---,J}, and w/ wXM\{zj}. Moreover, it applies
J
0 Amd msZm
(mgl (y ‘ )) N '5I(Yj;zj)
5p(z;ly;) op(z;ly;) (42)
p(2ily;)
=\ ply logi,
J ( ]) (ZJ)
and
J
(5 S (Sotenlyn) - 1)
m=1 Ym Zm — )\yj ) (43)

p(z;ly;)

Equating the functional derivative to zero, from (41), (42),
(43), and by assuming (without loss of generality) p(y;) >0,
the following is immediately inferred

RID DL YN D pECIRE

(m,): tj€vy , o)

DKL(p<xme|yj,w;f;g>||p<xme|vx,w>)}

p(zj|y]) + XPar _ O,

— A log
77 p(%)
(44)
wherein, it applies
- Ay, i i
Par. __ Y . - ¥
Ay, = p(y;) + Z ]Ep(wxfne yy){ Z (v, Wi, )

(m,0): tj€ v, v

m me

Dia(p(mely;. w;{Lz)llp(erzev;f;M))} .
(45)

Thereupon, we perform these steps: we bring the second term
in (44) to the other side of equality, then we multiply both
sides by 3; =+, and exponentiate them afterwards. Finally,
we again multlply both sides by p(z;). Subsequently, the
following holds true

p(zj‘yj) :p(zj)exp( dPar(yjaz]) _’_BJ)\Par> . (46)
Enforcing the validity condition for the compressor mapping,
that is, sz p(z;ly;) =1, the term exp(— Bj)\Par) can then
be regarded as the normalization function, wf]‘,“, to achieve
the stated solution in Theorem 1. ]

B. PROOF OF THEOREM 2 (SUCCESSIVE PROCESSING)
The successive scheme’s Lagrangian, Lg,., depends on all
compressor mappings, {p(zm|y,,,) |m}. Thus, by definition
of a stationary solution, all functional derivatives w.r.t. these
mappings must vanish. Associating a Lagrange multiplier to
each realization, y,,, € Y,,, of the m-th (local) compressor
mapping’s input set of variables, y,, = Pag'“ we introduce

the overall Lagrangian for successive scheme, L3V, as

J Nm J
Suc E E I Xm@v V><m£ - E : )‘ml(ym; Zm|t1:m—1)
m=1/4=1 m=1

+ XJ:Z/\ym (Z P(Zm|Ym) — 1),
m=1 ym Zm

(47)
in which v, _, = Paf:;“é. Now, we calculate the (functional)
derivative of the above overall Lagrangian w.r.t. the j-th
compressor mapping, p(z;|y;). For that, we need to compute
only the derivative of the second term on the right side of
(47), since the other derivatives (i.e., for the first and third
term) have been already calculated in (41) and (43). To this
end, first note that it applies

532 At iz i)

m=1

ap(zjly;)
(5( ZJ: AL (Y1 zm|t1:m1)>

m=jy

(48)
simply since the first j —1 terms in the summation do not
depend on p(z;]y;). Further, it holds true that

p(zjly;)

01(y;5zjltu-1) _ 5(I(y;i25) — I(zjit1;5-1)) _
op(z;ly;) 5p(z;ly;)
p(25ly;) p(t1i-1]2))
i) |1 (t log ===~
p(yj) og ———— ( tglp 1:j— 1|yﬂ) 0g (t]_;j_l)
(49)

and for j<m<J

5I(ym7 Zm|t1:m71) _ 5H(Zm|t1:m71) 5H(Zm|ym7 tl:mfl)

p(z5ly;) p(z;ly;) p(z;ly;)

_ 6H(Zm|t1:’m—1) _ 5H(Z’m|)’7n)

6p(zj|Yj) 5p(zj‘yj‘)
0

_ 5H(Zm|t1:m71)
dp(z;ly;)

= p(y;) Y p(t;12)p(E 1> 2mlys) X
tim—1,2m

log —— .
& p(zm |t1:m71)

50)
Analogous to the previous case of parallel processing, when
setting the functional derivative to zero, from (41), (43), (49),

(50), and by assuming (without loss of generality) p(y,) >0,
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the following is directly deduced

> Eow, y»{ D PV, 0, ) %

(m,0): tj€ vy, ., Vx,p

DKL(p<xmeyj,w;f;,(>||p<xme|vw>)}
p(z;]y;)
p(z;)

+Z)\k2pt|z]

k=j+1 t1.k—1,2k

— Ajlog + A Zp(tl:j—l|yj)10gp(t1:j—1|zj)

151
t_ 1> 2klys)log p(zrltie—1)

cswe
+ Ay‘f =0,
(51

wherein, w,_, =PaJ/* for the counterpart case of error-free
forwarding, that is, replacmg t;, with z,,, in Gy for every

Qom

me{]'?. J} meg wx'ml\{zj} and (vxme Vx‘ml\{tj})
< Ay
N ==X D> Pty ly;) logp(ti1) + —
1.1 p(yj)
+ ZE (wy? ZI'yJ){Z p(v ><mz|w>-<fmz)x
(m,0): tj€ vy, .,

*me

DKL(p(XmZ 1y, w;f;ﬂ ) ||p(sz\’U;fM ))}
(52)
Thereupon, we perform these steps: we bring the second term
in (51) to the other side of equality, then we multiply both
sides by 3; =+, and exponentiate them afterwards. Finally,

we again multlply both sides by p(z;). Subsequently, the
following holds true

Plzslys) = plz;) exp(—dsuey, ) + B35 )
Enforcing the validity condition for the compressor mapping,
that is, sz p(z;ly;) =1, the term exp(—ﬁj)\?sﬁc') can then

be regarded as the normalization function, wf;‘c', to achieve
the stated solution in Theorem 2. |

(33)
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