EXACT OUTAGE PROBABILITY OF V-BLAST WITH ORDERED MMSE-SIC DETECTION

Ronald Böhnke and Karl-Dirk Kammeyer

Department of Communications Engineering University of Bremen Otto-Hahn-Allee, 28359 Bremen, Germany Email: {boehnke, kammeyer}@ant.uni-bremen.de

ABSTRACT

A new method for determining the layer-wise SINR distribution as well as the total outage probability of V-BLAST with successive interference cancellation at the receiver is presented. In contrast to previous publications, we do not restrict to zero-forcing, but also consider minimum mean square error interference suppression. It is shown that optimizing the detection sequence is even more important in this case, and that ordered MMSE-SIC can achieve full receive diversity if the data rate per layer is not larger than one.

1. INTRODUCTION

Multiple antenna systems can be used to achieve very high spectral efficiencies [1]. The layered V-BLAST architecture is a practical way to realize unprecedented data rates [2]. A detailed performance analysis for simple linear as well as optimal maximumlikelihood receivers can be found in [3]. However, for the ordered successive interference cancellation (SIC) proposed in [2], analytical results are more difficult to obtain. In [4], it was shown that without sorting the diversity order of the k-th layer is given by NR − NT + k, where NT and NR denote the number of transmit and receive antennas. The importance of an optimized detection order for the information outage probability was highlighted in [5], where a uniform power and rate allocation among a subset of transmit antennas was conjectured to be optimal, but the required distribution of the layer-wise signal to noise ratio (SNR) with optimal ordering was only approximated by Monte-Carlo simulations. The exact expression for the case of two transmit antennas was first determined in [6] using the distribution of the angle between two complex Gaussian vectors, which was also employed to find loose bounds for NT > 2 in [7]. An alternative approach based on the inverted complex Wishart distribution was recently presented in [8].

The above mentioned publications assume perfect interference suppression by a linear zero-forcing (ZF) filter. The method described in this paper is somewhat more intuitive than previous ones. Even more important, it can be extended to analyze the signal to interference and noise ratio (SINR) when using a minimum mean square error (MMSE) filter. This will be used to derive the exact outage probability of various SIC receiver structures.

This work was supported in part by the German Research Foundation (DFG) under grant KA 841/15-1.

2. SYSTEM MODEL

Consider the equivalent baseband model of a single-user multiple antenna system with NT transmit and NR ≥ NT receive antennas. The channels are uncorrelated and flat Rayleigh fading. Hence, the NR × NT channel matrix H consists of independent circularly symmetric complex Gaussian entries with zero mean and unit variance. The receive vector is given by

y = Hx + n , (1)

where the vector x = [x1, . . . , xN_T ]^T with covariance matrix E { xx^H } = IN_T contains independent transmit symbols, and n represents circularly symmetric and white complex Gaussian noise with variance σ^2_n. Perfect channel state information is assumed at the receiver.

3. ZF-SIC WITHOUT ORDERING

For each layer, the interference caused by already detected layers is subtracted from the receive signal, and the remaining interference is suppressed by a linear filter. The required filter matrices follow from the QL decomposition of the channel matrix H = QL, where the NR × NT matrix Q has orthogonal columns with unit norm and L is lower triangular with real-valued and nonnegative diagonal elements [9]. Assuming correct decisions in all previous detection steps 1, . . . , k − 1, the estimate x̂_k of x_k can be obtained from the filtered receive signal z = Q^H y via

x̃_k = z_k − k−1∑ m=1 l_{km} x̂m = l_{kk} x_k + ñ_k , (2)

where the noise ñ_k is still white with variance σ^2_n. Thus, the SNR of the k-th layer is given by

SNR_k = l^2_{kk}/σ^2_n . (3)

3.1. SNR Distribution

From the rotational invariance of the multivariate Gaussian distribution of h_k it can be deduced that the elements of L are independent and l_{mk} is complex Gaussian for m > k. Furthermore, as the squared column norm ‖h_k‖^2 has a χ^2 distribution with 2NR degrees of freedom [10], the squared diagonal element l^2_{kk} is also χ^2-distributed, but with only 2(NR −NT +k) degrees of freedom.

Hence, we get the pdf’s

p_l2_{kk} (t) = t^{NR−NT +k−1}e^{−t} Γ(NR − NT + k)

, (4)

p_{|lmk |}2 (t) = e^{−t} , m > k (5)

that are zero for t < 0. Using (3), the cdf of the SNR on the k-th layer can be obtained by integrating over (4)

PSNR_k (ϑ) = P_l2_{kk} (σ^2_nϑ) = γ̃(NR − NT + k, σ^2_nϑ) , (6)

where γ̃(n, x) = γ(n, x)/Γ(n) is a normalized version of the incomplete gamma function [11].

3.2. Outage Probability

An outage occurs if the channel capacity of at least one layer is too small to support the chosen data rate R. For Gaussian transmit symbols, error-free transmission is only possible if

C_k = log_2(1 + SNR_k) > R ⇒ SNR_k > 2^R − 1 (7)

holds for all k. Since the layers are statistically independent, the total outage probability becomes

Pout = 1 − NT∏ k=1 Γ̃(N_R − N_T + k, σ^2_n[2^R − 1]) (8)

with the regularized complementary incomplete gamma function Γ̃(n, x) = Γ(n, x)/Γ(n) = 1 − γ̃(n, x).

4. ZF-SIC WITH OPTIMIZED ORDERING

The order of detection can be optimized by exchanging elements of the transmit vector x and the corresponding columns of the channel matrix H before the QL decomposition [9]. Let us define Ȟ = HΠ = Q̌Ľ for some permutation matrix Π and restrict to the case of NT = 2 transmit antennas in the following, for simplicity. In order to maximize the minimum SNR, we need to choose the detection sequence such that

ľ^2_2 = min {‖h_1‖^2, |h_2‖^2} ⇒ ľ^2_2 ≤ ľ^2_{11} + |ľ_{21} |^2 , (9)

i.e. the layer with the weaker channel is detected last and does not have to suppress interference by a linear filter.

4.1. SNR Distribution

With (9), the cdf of the squared second diagonal element can easily be found using order statistics [10]

Pˇ_l2_2 (ξ) =1 − [ Pr { ‖h_k ‖^2 ≥ ξ }]_2 = 1 − [ Γ̃(N_R, ξ)

]_2

=γ̃(NR, ξ) · [2 − γ̃(NR, ξ)] . (10)

Then, similar to (6), the distribution of SNR2 for the optimal permutation is given by PSNR_2 (ϑ) = Pˇ_l2_2 (σ^2_nϑ). As already observed in [6], it is approximately doubled due to sorting.

Unfortunately, the diagonal elements of Ľ are not independent anymore. However, conditioned on ľ^2_2 = ξ, the natural ordering is optimal whenever l^2_{11} + |l21|^2 ≥ ξ is fulfilled according to (9). As both detection orders are equiprobable, this leads to the conditional cdf PSNR_1 ( ϑ | | ľ^2_2 = ξ) = P_{l211} (σ^2_nϑ | | l^2_{11} + |l_{21}|^2 ≥ ξ) . (11)

Exploiting the statistical independence of l11 and l21, we first calculate the joint probability Pr { l^2_{11} < σ^2_nϑ , l^2_{11} + |l21|^2 ≥ ξ }

= ∫_σ2_{nϑ} 0 ∫_∞

(ξ−t)+

p_l2_{11} (t) · p_{|l21|}2 (u) du dt (12)

= { [σ^2_nϑ]^{NR−1}e^{−ξ} /Γ(NR) , σ^2_nϑ ≤ ξ γ̃(NR − 1, σ^2_nϑ) − γ̃(NR, ξ) , σ^2_nϑ > ξ

(13)

from the pdf’s (4) and (5), where the notation (x)^+ = max{x, 0} was introduced. As expected, (13) corresponds to (6) for ξ = 0, while for σ^2_nϑ → ∞ we get the complementary cdf of ‖h_k ‖^2 Pr { l^2_{11} + |l21 |^2 ≥ ξ } = 1 − γ̃(NR, ξ) = Γ̃(NR, ξ) . (14)

Hence, (11) is given by

PSNR_1 ( ϑ | | ľ^2_2 = ξ) = Pr { l^2_{11} < σ^2_nϑ , l^2_{11} + |l21|^2 ≥ ξ } Pr {l^2_{11} + |l21|^2 ≥ ξ} = { [σ^2_nϑ]^{NR−1}e^{−ξ} /Γ(NR, ξ) , σ^2_nϑ ≤ ξ 1 − Γ̃(NR − 1, σ^2_nϑ)/Γ̃(NR, ξ) , σ^2_nϑ > ξ .

(15)

The unconditional cdf of SNR1 can be computed by averaging (15) over ľ^2_2. The required pdf of ľ^2_2

pˇ_l2_2 (ξ) =

2ξ^{NR −1}e^{−ξ}

Γ(NR)

Γ̃(N_R, ξ) (16)

is obtained by taking the derivative of (10). With this, we finally arrive at

PSNR_1 (ϑ) =

∫_∞ 0 PSNR_1 ( ϑ |ˇ l^2_2 = ξ ) · pˇ_l2_2 (ξ) dξ (17) = [σ^2_nϑ]^{NR−1}Γ̃(NR, 2σ^2_nϑ)

2^{NR−1}Γ(NR)

+ 1 − [ Γ̃(N_R, σ^2_nϑ)

]_2

− 2Γ̃(NR − 1, σ^2_nϑ) · γ̃(NR, σ^2_nϑ) . (18)

Note that the integral in (17) must be split up into two parts, and the first term in (18) belongs to the case σ^2_nϑ ≤ ξ in (15).

4.2. Outage Probability

In contrast to Section 3.2, the joint SNR distribution can not be factorized anymore. However, letting ϑ = 2^R − 1 and keeping in mind that SNR2 ≥ ϑ is equivalent to ľ^2_2 ≥ σ^2_nϑ, the exact outage probability of ordered ZF-SIC

Pout = PSNR_2 (ϑ) + Pr {SNR1 < ϑ , SNR2 ≥ ϑ} (19)

= 1 − [ Γ̃(N_R, σ^2_nϑ)

]_2 + [σ^2_nϑ]^{NR−1}Γ̃(NR, 2σ^2_nϑ) 2^{NR −1}Γ(NR)

(20)

directly follows from (10) and (18).

5. MMSE-SIC WITHOUT ORDERING

In [12], it was demonstrated that SIC with MMSE filtering corresponds to the ZF-SIC described in Section 3 if the matrices Q and L are replaced by Q1 and L obtained from the QL decomposition of the extended channel matrix H = ( H σnIN_T ) = ( Q1 Q2 ) L . (21)

We will focus on SINR1 in the following, because the results for the second layer remain unaffected as no interference needs to be suppressed. Using the relations ‖h_k‖^2 = ‖h_k‖^2 + σ^2_n and |h^H_2 h_1|^2 = l^2_2|l21|^2, it can be shown that

SINR1 = l^2_{11} σ^2_n

− 1 = l^2_{11} σ^2_n + |l21|^2 l^2_2 + σ^2_n

. (22)

5.1. SINR Distribution

Similar to (12), the SINR distribution of the first layer conditioned on l^2_2 = ξ can be calculated by integrating over the joint pdf of l^2_{11} and |l21|^2

P SINR_1 ( ϑ | | l^2_2 = ξ) = Pr { l^2_{11} σ^2_n + |l21|^2 ξ + σ^2_n < ϑ }

= ∫_σ2_{nϑ} 0 ∫_{[ξ+σ}2_{n]ϑ−}^{ξ+σ2}n_{σ2n t} 0 p_l2_{11} (t) · p_{|l21|}2 (u) du dt (23)

=γ̃(NR − 1, σ^2_nϑ) − e^{−[ξ+σ2n]ϑ}γ̃(NR − 1, −ϑξ) [−ξ/σ^2_n]^{NR −1}

. (24)

For ξ/σ^2_n → ∞, the second term vanishes and we obtain the cdf of SNR1 with ZF filtering. On the other hand, (24) tends to γ̃(NR, σ^2_nϑ) for ξ/σ^2_n → 0, which is identical to the SNR distribution after maximum ratio combining. Hence, the MMSE filter benefits from small SNR’s on the second layer. The unconditional cdf can then be determined from

PSINR_1 (ϑ) =

∫_∞ 0 PSINR_1 (ϑ | | l^2_2 = ξ) · p_{l22} (ξ) dξ (25)

=γ̃(NR − 1, σ^2_nϑ) −

[σ^2_nϑ]^{NR−1}e^{−σ2nϑ} Γ(NR) · [ϑ + 1]

. (26)

5.2. Outage Probability

The outage probability corresponds to (19) with SNR1 substituted by SINR1. The joint probability therein is equal to (25) if the lower limit of the integral is replaced by σ^2_nϑ, which yields after some manipulations

Pout =1 − Γ̃(NR − 1, σ^2_nϑ) · Γ̃(NR, σ^2_nϑ) − [σ^2_nϑ]^{NR−1}e^{−σ2nϑ} Γ(NR) · [ϑ + 1] [ Γ̃(N_R − 1, σ^2_nϑ) (27)

+ e^{−[ϑ+1]σ2nϑ} [−ϑ]^{NR−1} γ̃(NR − 1, −σ^2_nϑ^2) ] .

6. MMSE-SIC WITH OPTIMIZED ORDERING

We now finally turn to the case of ordered MMSE-SIC. The detection is based on the QL decomposition of Ȟ = HΠ, and the ordering criterion (9) is still optimal, so we can simply combine the approaches from the previous sections.

6.1. SINR Distribution

Along the lines of (12) and (23), we have to calculate the probability Pr

{_{l211}

σ2n +^{|l21|2}_{ξ+σ2n} < ϑ , l^2_{11} + |l21|^2 ≥ ξ } from the joint pdf of

l^2_{11} and |l21 |^2, and then divide it by Γ̃(NR, ξ) as in (15) to obtain the conditional cdf PSINR_1 ( ϑ | | ľ^2_2 = ξ). Then, taking the expec-

tation over ľ^2_2 and performing some simplifications finally leads to PSINR_1 (ϑ) =1 − [ Γ̃(N_R, σ^2_nϑ)

]_2

− 2Γ̃(NR − 1, σ^2_nϑ) · γ̃(NR, σ^2_nϑ) + (−σ^2_n)^{NR−1}

Γ(NR) [ (−σ^2_nϑ^2)^{NR−1} Γ(NR) e^{−2σ2nϑ} (28)

− 2(−ϑ)^{NR−1}e^{−σ2nϑ} ϑ + 1 γ̃(NR − 1, σ^2_nϑ)

+ (1 − ϑ)^{NR} e^{2σ} 2 nϑ ϑ−1 2^{NR −1}(ϑ + 1) Υ ( NR − 1,

2σ^2_nϑ^2 ϑ − 1 )]

with Υ(n, x) = { γ̃(n, x) , x ≤ 0 −Γ̃(n, x) , x > 0 .

(29)

6.2. Outage Probability

As for the case of ordered ZF-SIC, the expression for the outage probability turns out to be an intermediate result during the calculation of (28). It is given by

Pout =1 − [ Γ̃(N_R, σ^2_nϑ)

]_2

+ (−σ^2_n)^{NR−1} Γ(NR) [ (−σ^2_nϑ^2)^{NR −1}

Γ(NR) e^{−2σ2nϑ}

− 2e^{−[ϑ+2]σ2nϑ} ϑ + 1 γ̃(NR − 1, −σ^2_nϑ^2)

+ (1 − ϑ)^{NR} e^{2σ} 2 nϑ ϑ−1 2^{NR−1}(ϑ + 1) Υ ( NR − 1,

2σ^2_nϑ^2 ϑ − 1 )] .

(30)

7. NUMERICAL RESULTS

In this section, we present numerical results for a system with two transmit and receive antennas. Fig. 1 depicts the SINR distributions per layer for fixed noise variance σ^2_n and varying rate ϑ = 2^R − 1. As already noted before, optimal sorting approximately doubles the cdf of the second layer, while the curve of the first layer is shifted to the right by 3 dB for ZF-SIC. The impact of MMSE filtering is most pronounced for strong noise. Using the optimum detection order, a cliff at R ≈ 1 can be seen, and the cdf of the first layer rapidly converges to that of the second one with the inverted optimal ordering ľ^2_2 = max{‖h1 ‖^2, ‖h2‖^2}. Without sorting, a constant gap remains. From Fig. 2, we find that the performance of ordered MMSE-SIC is strictly dominated by the second layer as long as R ≤ 1, thus it achieves full receive diversity. However, for larger data rates the cdf of SINR1 flattens, and the diversity degree is equal to that of the other receiver variants. Interestingly, this behavior can also be observed for uncoded bit error rates [12]. Finally, Fig. 3 compares the outage probabilities

PSfrag replacements

Fig. 1. SINR distributions for σ^2_n ∈ {0.01, 0.1, 1} (left to right).

PSfrag replacements

Fig. 2. SINR distributions for R ∈ {0.5, 1, 1.5} (right to left).

to the corresponding union bounds. Although the approximation is very tight for sufficiently small Pout, it is usually even easier to compute the exact solution than the sum of the layer-wise SINR distributions.

8. CONCLUSION

A unified approach to the SINR and outage analysis of V-BLAST with different SIC detection schemes has been presented. We restricted to the case of two transmit antennas, for simplicity, because the integrals become quite involved for NT > 2. It was demonstrated that the conditional cdf of the SINR on the first layer can be calculated from the QL decomposition of the channel matrix for all considered receiver structures. The unconditional cdf was then found by averaging over the second layer. With this, it could be shown that ordered MMSE-SIC achieves full receive diversity if the data rate per layer is not larger than one. As a byproduct, we also obtained the joint SINR distribution, which enabled us to compute the exact outage probabilities.

PSfrag replacements

Fig. 3. Exact outage probabilities and union bounds for R = 1.

9. REFERENCES

[1] E. Telatar, “Capacity of Multi-antenna Gaussian Channels,” European Transactions on Telecommunications, vol. 10, no. 6, pp. 585– 595, November-December 2000.

[2] P. W. Wolniansky, G. J. Foschini, G. D. Golden, and R. A. Valenzuela, “V-BLAST: An Architecture for Realizing Very High Data Rates Over the Rich-Scattering Wireless Channel,” in Proc. ISSSE, Pisa, Italy, September 1998.

[3] M. Kießling, “Statistical Analysis and Transmit Prefiltering for MIMO Wireless Systems in Correlated Fading Environments,” Ph.D. dissertation, Institut für Nachrichtenübertragung, Universität Stuttgart, 2004.

[4] G. J. Foschini, G. D. Golden, A. Valenzela, and P. W. Wolniansky, “Simplified Processing for High Spectral Efficiency Wireless Communications Emplying Multi-Element Arrays,” IEEE Journal on Selected Areas in Commununications, vol. 17, no. 11, pp. 1841–1852, November 1999.

[5] A. Kannan, B. Varadarajan, and J. Barry, “Joint Optimization of Rate Allocation and BLAST Ordering to Minimize Outage Probability,” in Proc. IEEE Wireless Communications and Networking Conference, New Orleans, USA, March 2005.

[6] S. Loyka, “V-BLAST Outage Probability: Analytical Analysis,” in Proc. IEEE Vehicular Technology Conference (VTC), Vancouver, Canada, September 2002.

[7] S. Loyka and F. Gagnon, “Analytical Framework for Outage and BER Analysis of the V-BLAST Algorithm,” in Proc. International Zurich Seminar on Communications, Zurich, Switzerland, February 2004.

[8] R. Xu and F. Lau, “Analytical Approach of V-BLAST Performance with Two Transmit Antennas,” in Proc. IEEE Wireless Communications and Networking Conference, New Orleans, USA, March 2005.

[9] D. Wübben, R. Böhnke, J. Rinas, V. Kühn, and K. D. Kammeyer, “Efficient Algorithm for Decoding Layered Space-Time Codes,” IEE Electronics Letters, vol. 37, no. 22, pp. 1348–1350, October 2001.

[10] A. Papoulis, Probability, Random Variables, and Stochastic Processes, 3rd ed. New York: McGraw-Hill, 1991.

[11] I. Gradshteyn and I. Ryzhik, Table of Integrals, Series and Products, 6th ed. San Diego, CA: Academic Press, 2000.

[12] R. Böhnke, D. Wübben, V. Kühn, and K. D. Kammeyer, “Reduced Complexity MMSE Detection for BLAST Architectures,” in Proc. IEEE Global Communications Conference (Globecom’03), San Francisco, California, USA, December 2003.