Applicability of Importance Sampling for

Rayleigh Fading M obile Radio Channels

Armin Dekorsy

1 and Volker Kühn

Department ofCommunication Engineering

UniversityofPaderborn, D-33095 Paderborn, Germany

1 FB1 - Dept. of Telecommunications, Universityof Bremen, P.0.Box 33 04 40, D-28334 Bremen, Germany

Abstract: Estimating the bit error rate (BER) of complex digital communicationsystems has often beenrealised by using the Monte Carlo method. For very low BER, this method requires a high computational effort. Therefore, a lot ofdevelopments intheory and applicationofimportance sampling (IS) techniques have beendone especially for AWGN channels (additive white gaussian noise) or time-varying uniformly distributed channels.

Inthis paper we discuss the applicability ofseveral IS techniques for the simulationofRayleigh fading mobile radio channels. By using the system threshold characteristic (STC) we first make an analytical statement ofthe IS efficiency for an

AWGN and a frequency-nonselective Rayleigh fading channel. It is shownthat due to the Ray leigh distributionthe efficiency is reduced. Fur thermore, the so called overbiasing effect is graphi cally explained and simulationresults illustrate that the theoretically possible efficiencies cannot be reached inpractice because ofthis statistic effect.

1. INTRODUCTION

Therecent and futuredemand for mobilecommunication systems has increased theimportanceof suit able system models and simulation techniques for estimating theperformanceof thesesystems. A com mon definition of performanceis thebit error rate(BER) and the traditional way of extracting a numeri cal esti mateof the

BER by simulation is theMonteCarlo method. For low

BER this method requires excessiverun timeand therefore, importancesam pling (IS) techniques are proposed to reducethis time.

In theliteratureseveral IS techniques havebeen introduced [1]-[4] assuming that uniformly distributed signals arecorrupted by whitegaussian noise.

Extremely largespeed up factors havebeen recog nised.

Theaimof this paper is to answer thequestion if IS is applicablefor thesimulation of Rayleigh fading channels. Therefore, IS is investigated for Rayleigh distributed instead of uniformly distributed signals. In particular, wecomparetheoretically the efficiency of IS for an AWGN-channel and a frequency-nonselec tive

Rayleigh fading channel by evaluating theSTC.

Besides theseanalytical derivations, theimplementa tion

effect of overbiasing theparametric schemeof the systemis graphically explained. Subsequently, simulation results makeclear that already for a frequencynonselectiveRayleigh fading channel thetheoretically possible efficiency of IS cannot bereached becauseof theoverbiasing effect. Additionally, thein fluenceof the time-selectivity has been analysed by simulating frequency-nonselectiveRayleigh fading channels with different fading rapidities.

After introducing basic IS formulations, theSTC and theoverbiasing effect aredescribed. Finally, simulation results illustratetheapplicability of IS for Rayleigh fading channels.

2. SYSTEM MODEL

Fig. 1 shows theblock diagramof a discrete equivalent baseband system model used in this paper.

Source Channel

BER-

Estimator

u k

b

g s k

b g

n k

b g x k

b g y k

g k

b

g

Fig. 1 : Block diagramof a equivalent baseband system

A binary information sourcegenerates every T seconds a symbol u k

a

f

( k indicates thesymbol inter val) with equally likely amplitudes

×

g holds. Thechannel

coefficient

g

w k

N

e j d n kT n

N a f =

-

=

-

å 1

0

1 , ( 1 )

is modeled by summing up N pointers rotating in the

complex planewith N different Doppler frequencies

w d n, , where N is thenumber of transmission paths.

TheDoppler frequencies areidentically Jakedistri b uted in theinterval

- 2 2

G g

g

s g

s g

a

f = × -

F

H

G

I

K

J

|

T | 2

2

2 2

0 exp for 0

otherwise

. ( 2 )

It is important to notethat dueto ( 1 ) thevalues

g k 1 a f

and g k 2 a f

arecorrelated for different timein-

stances k 1 and k 2 . Thesignal s k a f

is then corrupted by

additivewhitegaussian noise n k a f

to obtain theinput

signal x k s k n k a f a f a f =

+ of thethresholder. Finally, thequantized values y k A

a f = ± arefed into theBER estimator.

3. IS-FORMULATION

The error probability of theassumed communica tion systemcan bewritten as

P s n f s f n ds dn b S N = +

-

¥

¥

- ¥

¥ z z

H

a f a f

, ( 3 ) where f n N

a f and f s S

a f aretheprobability density functions (pdf) of n k

a f and s k

a f

, re spectively. H[

× ] is

an indicator function with its output equal to 1 when the

detected symbol is er roneous, and 0 otherwise. It is

assumed that all randomprocesses of thesystemare

ergodic and that s k a f

and n k a f

arestatistically inde-

pendent for every instant k . In order to apply IS to the

noisesource n k a f

, P b is given by

P s n f s f n w n ds dn b s N = +

*

- ¥

¥

- ¥

¥ z z

H

a f a f a f

( 4 ) where w n f n f n

N

N

a f a f a f =

* . ( 5 )

According to theconsidered IS technique, different

modified probability density functions f n N a f

can be

used. Assuming an unbiased pdf of thenoise

f n N N a f

m s 0 2 , , ( 6 )

CIS (conventional importancesampling) is defined as f n N N

*

*

* Î = =

> a f d i m s

d

s s

0 1 2

2

2 , with ( 7 ) and IIS (improved importancesampling) as f n N c c N

* Î =

¹ a f d i

m s, 2 0 with , ( 8 )

where N × a f

is thegaussian pdf with mean m and vari-

ance s 2 . Thevariancereduction factor of CIS is de-

noted by d and theamount of translating thepdf for

IIS by c .

The empirical IS-estimator related to ( 4 ) can be

formulated as

$ H P

K

s n w n b k k k k

K = +

=

å 1

1

a f

( 9 ) where s k and n k arevalues of therandomprocesses s k

a f and n k

a f at any timeinstant k. K is any largeinteger number depending on thedesired accuracy of the estimation.

For systems with a frequency-nonselectiveRayleigh fading channel it is also possibleto modify theRay leigh distribution by decreasing theRayleigh vari anceinstead of biasing thenoisesource. This method is called CIS-

Rayleigh and thecorresponding variancefactor is denoted by

b s s = * R R

2 2 where s R

2 and s R *

2 arethe unbiased and biased variances of theRayleigh process,

respectively.

4. APPLICABILITY

4.1. SystemThreshold Characteristic (STC)

As known, thebasic idea of importancesampling is

to reducethevarianceof theBER estimation by artifi-

cially increasing the error probability. Obviously, the

randomprocesses s k a f

and n k a f

in Fig. 1 aretherele-

vant components affecting theBER. In order to obtain a

statement of theIS efficiency for different channels, it

is necessary to find a characteristic criterion of the

systemincluding all important components. Theso

called SystemThreshold Characteristic (STC)

T n s n f s ds S a f a f = +

- ¥

¥ z

H ( 10 )

has been used in [5] to find theoptimal biasing scheme

and is also suitableto approach this problem. Equation

( 10 ) represents theconditional mean of H s n+ over

therandomprocess s k a f

given a noisevalue n . Since

H s n

+ is the error indicator function, theSTC de-

termines theprobability of error for thedistribution of

thesignal process s k a f

under thecon dition of a given

noisevalue n .

SincetheSTC represents a probability it follows

that 0 1

£ £ T n

a f

. Theregion corresponding to this interval is called transition region [5]. In thefollowing discussion a theoretical comparison of the efficiency of

IS for an AWGN and a frequency-nonselective

Rayleigh fading channel is performed by evaluating the

STC of thesetwo channels.

AWGN channel

In thecaseof an AWGN channel s k u k

a f a f

= holds so that thepdf of thesignal process s k

a f can bewrit ten by using thedelta distribution d ×

a f as f s s A s A S

a f a f a f

= × - + + 1

2

d d . ( 11 )

By substituting ( 11 ) in ( 10 ) and being awareof the different indicator functions for dif ferent transmitted symbols, theSTC can be expressed as

T n

s n s A ds u A n s n s A ds u A n

A n u A n A u A

A

A

a f

a f a f a f a f

=

+ - =

"

+ + = - "

R

S

| |

T

|

|

=

- - =

- = -

R

S

T

- ¥

¥

-

- ¥

¥ z

z

H ,

H , d

d

e e

( 12 ) where e ×

a f represents theunit step function.

The evaluated STC is illustrated in Fig. 2 as a func tion of thenoisevalues n . Additionally, theunbiased density function f n N

a f of thenoiseprocess is shown to explain theproperties of IS.

Concerning the efficiency of IS, it is significant to note, that thetransition regions only includethepoints n=+A and n=-A . In other words, thetransition regions arearranged in a distance A fromtheorigin. Assuming a high signal to noiseratio, involving a high amplitude

A and a narrow pdf f n N

a f

, thegreat majority of noise values possesses zero error probability T n

a f a f = 0 .

Therefore, it is possibleto increasetheBER extremely by translating thepdf f n N

a f or raising its variance.

f n N

a

f

u A

=

- u A =

1

A

- A n

Fig. 2 : STC and pdf f n N

a f for an AWGN channel

Furthermore, thecharacteristic shapeof theSTC

( dT/dn

®

d

i = = - - - ¥ z

1 22 2 exp s

represents thecumulativeRayleigh distribution func-

tion. Fig. 3 shows theSTC for thetransmitted symbols

+/- A and theunbiased pdf of thenoiseprocess.

First of all, onecan recognisethat thetransition

regions aredirectly arranged at theorigin. As men-

tioned before, a distancebetween theorigin and the

transition regions ensures a high efficiency. Hence, it is

possibleto makethequalitativestatement that therun-

timeimprovement of IS for a frequency-nonselec tive

Rayleigh fading channel is not as high as theonefor an

AWGN channel.

u=A u=-A T n b g

f n N

b

g

1

n

Fig. 3 : STC and f n N a f

for a frequency-nonselective

Rayleigh fading channel

Furthermore, thegradient dT/dn of theSTC is de-

termined by thevarianceof theRayleigh dis tribution in

( 15 ). This property indicates that biasing theRay leigh

process by modifying thecorresponding vari ance s R

2

might bemore efficient than biasing thenoiseprocess.

This IS method is named CIS-Rayleigh. As can beseen

in fig. 3 , increasing theBER requires a higher gradient

dT/dn and thereforeit is necessary to decreasethe

Rayleigh variance. Thus, CIS-Rayleigh is ren dering

both, thegrowth of the efficiency and the efficiency

itself.

Finally, it is significant to note, that all results men-

tioned areonly valid for an infinitenumber of samples

K for theIS estimation of theBER. For a finitenumber

of samples, theso called Overbiasing effect appears

and it will beseen that especially for a high S/N the

theoretically pos sible efficiency cannot bereached.

4.2. Overbiasing Effect

This section presents thevery important effect of

over biasing theparametric schemeof a systemby im-

ple menting IS. Using theIIS technique, it has been

mathematically proven in [6] that for a finitenumber of

samples and largeamounts of biasing an underesti ma-

tion of theBER occurs. Particularly, for a given num-

ber of samples K theBER estimates can bemadearbi-

trarily small by increasing theamount of biasing (see

( 16 )).

P P W W

c b lim $

® ¥

<

R S T

U

V

W

® 1 for any value > 0 . ( 16 )

This relationship stated in ( 16 ) between theBER esti mation and thebiasing procedureis called Overbiasing Effect and thecorresponding region of c Overbiasing Region. For explaining this effect wefocus our atten tion on theIS estimator $ P b and thereforeon theIS weights w n k

a f

. Assuming theIIS techniquetheweights can be expressed in theform w n f n f n

nc c N

N

a f a f a f

d i

= = -

-

L

Q

P

P * exp

2

2

2

2 s

. ( 17 )

Fig. 4 shows theweights w n a f

and thebiased den-

sity function f n N

* a f

for different amounts of transla tion

c and an assumed variance s 2 0 5= . . For an in creasing magnitudeof translation c thevalues n k with extremely

low weights w n k a f

occur morefrequently. Assuming

an IIS simulation with a finitenumber of samples, it

could happen that only values n k with very small

weights will beconsidered. Here, themean of the esti-

mation $ P b decreases by increasing theamount of

translation. At this point, it is visiblethat thefinite

number of samples is re sponsiblefor theunderestima-

tion of theBER, whereas for theoretical considerations

thestatement of an unbiased IS estimation with the

property E $ P P b b n

s = still holds.

If CIS is considered, the explanation is similar and

confirmed by thesimulation results illustrated in the

following chapter. It should only bementioned that be-

causeof a smaller transition of theweights, the effect

just appears for very largereduction factors d .

n n

-8 -6 -4 -2 0

0.2

0.6

1

1.4

1.8 c =- 2

f n N

*

b

g w n

b g

-8 -6 -4 -2 0

c =- 6

0.2

0.6

1

1.4

1.8

Fig. 4 : w n IIS

a f and f n N

* a f for c = - 2 , c = - 6

5. SIMULATION RESULTS

5.1. Simulation parameters

In order to apply IS for a time-varying Rayleigh fading channel with mutually correlated output values s k thesimulation process for each BER estimation was divided into a number of short sub simulations. For each subsimulation new, randomly chosen Doppler frequencies wereused to calculatethechannel coeffi cient g k

a f

.

As a result, thestatistic of thechannel was well represented and thevalues s k for different sub simulations weremutually uncorrelated. If not explicit ly mentioned, thedata ratewas chosen to be R =270 kbit/s and the maximumDoppler frequency was se lected to f dmax =100 Hz (2 f dmax T =7.4 × 10 -4 <<1 ® time-nonse-lectivechannel). Thesystemperform anceand thevarianceof the estimation werecalcu lated according to the unbiased estimators

$ $ , P

J

P b b j j

J =

= å 1

1

( 18 )

and

S

J

P P b j b

j

J 2 2

1

1

1

=

-

-

= å $ $ ,

e

j

( 19 )

for J subsimulations, respectively. $ , P b j is the esti mated

BER for the j -th subsimulation given by ( 8 ) with K samples. For thefrequency-nonselectivechan nel, the

analytical BER is known so that K was com puted based

on a 95% confidenceinterval 1 3 5 3P P b b . For all

simulations, the efficiency of IS was calculated by

h IIS

Fig. 5 : h IIS as a function of c for different E N b 0

0.0 0.1 0.3 0.5 0.7 0.9 1.1 c

5 dB

10 dB

15 dB

10 -4

10 -3

10 -2

10 -1

$ P b

10 -5

Fig. 6 : $ P b as a function of c for different E N b 0

First of all, it can beseen that for a signal to noise

ratio of 5 dB no runtimeimprovement of IIS over MC

can beachieved. For higher signal to noiseratios like

15 dB the efficiency is decreasing for small amounts of

translation and it finally growths for larger amounts.

This typical behavior of theIIS estimator is based on

theoverbiasing effect which results in thedeterioration

of theBER estimation as shown in Fig. 6 . This dete rio-

ration occurs especially for high signal to noiseratios

like15 dB and thereforein cases whereIIS should gain

thehighest runtimeimprovements.

Fig. 7 shows theobtained efficiencies h CIS R - for

CIS-Rayleigh. It can berecognised that this method

leads in general to a performancegain depending on the

underly ing signal to noiseratio. For example, at

E N b 0 15 $ = dB onecan reach a runtimeimprovement

of merely a factor 10 by reducing thevarianceby b

» 5 ×

10 -2 . However, overbiasing theparametric schemealso yields a deterioration of the estimation.

b

5 dB

10 dB

15 dB

10 -1

10 0

10 1

h IIS

10 -1 10 0 10 -2

Fig. 7 : h

CIS R - as a function of thevariancefactor b

5.3. Influenceof time-selectivity

Sincethetime-selectivity of thechannel plays a

signifi cant roleconcerning theapplicability of IS we

completeour investigations by analyzing theIS effi-

ciencies for different fading rates. Tab. 1 shows the ef-

ficiencies for a time-nonselectiveRayleigh fading

channel and a channel with independent samples drawn

froma Rayleigh distributed density at a very high

signal to noisera tio of 43 dB.

E N b 0 43 $ = dB h

CIS R - b

time-nonselectivechannel

2 f dmax

T =7.4 × 10 -4 24 5 × 10 -3

time-selectivechannel

2 f dmax T ®

¥ 2 × 10 3 2.5 × 10 -4

Tab. 1 : Comparison of time-selectiveand time-nonse-lectiveRayleigh fading channel

Theseresults illustratethetremendous effect of time-selectivity for IS-implementations. To get a deeper comprehension, Table 2 illustrates thesimula tion results obtained for different maximumDoppler frequencies f dmax

for a specific variancefactor b = - 10 3 and E N b 0 43 $ = dB .

f dmax

/Hz 2 f dmax T h CIS-R

50 3.7 × 10 -4 16

100 7.4 × 10 -4 24

200 1.5 × 10 -3 30

500 3.7 × 10 -3 80

Tab. 2 : IS-efficiencies for a time-nonselectivefading channel ( E N b 0 43 $ = dB )

Obviously, themaximumDoppler frequency affects directly theruntimeimprovement. Besides thecon straint of representing thestatistic of thechannel oneshould be

awarethat thetime-nonselectivefading implicates correlated samples during each subsimula tion . It is shown in [3] that correlated samples increasethevarianceof theIS estimator and thereforedecreasethe efficiency.

6. CONCLUSION

This articledeals with theapplicability of IS methods for thesimulation of Rayleigh fading mobileradio channels. It was shown that for a Rayleigh distributed process the efficiency is not as high as for a uniformly distributed process implicated by an AWGN-channel.

Thebest performancewas obtained by modifying the varianceof theRayleigh process whereas biasing the noiseyielded no runtimeimprovements. Furthermore, for illustrating thedifferencebetween theoretical and simulation results theimportant effect of overbiasing theparametric schemewas graphically ex plained for a gaussian distributed noiseprocess. Finally, thedetrimental influenceof correlated consecutivesamples was illustrated by comparing a slowly fading channel and a channel with statistical independent output sam ples.

Simulation results confirmethat thetheoretically possible efficiency cannot bereached dueto theoverbiasing effect.

REFERENCES

[1] Shanmugan, K. S., �A Modified Monte-Carlo

Simulation Techniquefor theEvaluation of Error

Ratein Digital Communication Systems^, IEEE

Transactions on Communications , Vol. COM-28,

No. 11, November 1980, pp. 1916-1924.

[2] Jeruchim, M. C., �Techniques for Estimating the

Bit Error Ratein theSimulation of Digital Communication Systems^, IEEE Journal on Selected

Areas in Communications, Vol. SAC-2, No. 1,

January 1984, pp. 153-170.

[3] H ahn, P. M., �Developments in theTheory and

Application of ImportanceSampling^, IEEE

Transaction on Communications , Vol. COM-35,

No. 7, July 1987, pp. 706-714.

[4] Lu, D., �Improved ImportanceSampling Techniquefor Efficient Simulation of Digital Communication Systems^, IEEE Journal on Selected

Areas in Communications, Vol. 6, No. 1, January

1988, pp. 67-75.

[5] Wolfe, R. J., �On Optimumand Suboptimum

Biasing Procedures for ImportanceSampling in

Communication Simulation^, IEEE Transaction on Communications, Vol. 38, No. 5, May 1990, pp. 639-646.

[6] Devetsikiotis, M., �An Algorithmic Approach to theOptimization of ImportanceSampling

Parameters in Digital Communication System

Simulation^, IEEE Transaction on Communications, Vol. 41, No. 10, October 1993, pp. 1464-

1473.